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Computer simulation has recently attracted much attention from both academia and indus-
try because it provides much useful information on polymers, particularly multiphase pol-
ymer systems, which are not easily obtained by experiment. The computer simulation ap-
proaches for multiphase polymer systems may be classified into three modeling methods
according to their levels of approximation, i.e., atomistic, coarse-grained, and atomistic-
continuum modeling. In this article the three methods are applied to miscibility of polymer
blends, compatibilizing effect of block copolymers, and mechanical properties of semicrys-
talline polymers, respectively, and their results are compared with experimental ones.
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Introduction

 

In recent years, molecular simulation methods [1–5] including molecular me-
chanics (MM), molecular dynamics (MD), and Monte Carlo (MC) simulation
have been applied to polymer systems. Molecular simulation provides a bridge
between models and experiments, as a method using mathematical models to
perform an analysis by means of computers. Therefore, molecular simulation
has become a powerful tool in polymer science, complementing both theory and
experiment. On the other hand, molecular simulation still has limitations in
both space and time scales, which become more serious in dealing with mul-
tiphase polymer systems. The field of multiphase polymer materials includes all
cases where the system consists of at least two phases, such as immiscible poly-
mer blends, semicrystalline polymers, etc. Thus multiphase polymers have
much larger scale in space and longer scale in time than full atomistic modeling
can directly deal with.

Some alternatives have been developed to overcome these problems. For ex-
ample, the coarse-grained lattice model [6] has been successful in extending the
scope. In this model, polymer chains are represented by random walks on a lat-
tice, and thus many states can be easily generated and equilibrated. Therefore,
the lattice model has been widely used from polymer solutions and dense mix-
tures. However, this model does not include detailed information on the struc-
ture of materials and thus will be fictitious. Recently, multiscale simulation
methods have been developed, which combines the atomistic and continuum
levels. Tadmor et al. [7, 8] developed a quasicontinuum method to model the
process involving multiple length scale such as nanoindentation. In this method,
interatomic interactions are incorporated in the model via the crystal calcula-
tion based on the local state of deformation. Shenoy et al. [9] reformulated this
model to examine the interactions between grain boundaries, dislocations, and
cracks. Rafii-Tabar et al. [10] proposed a multi-scale seamless model of brittle
crack propagation which couples the crack at the macroscales and nanoscales
through an intermediate mesoscale continuum.

In this article, three modeling methods, classified by their levels of approxi-
mation, i.e., atomistic, coarse-grained, and atomistic-continuum modeling, are
applied to miscibility of polymer blends, compatibilizing effect of block copoly-
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mers, and mechanical properties of semicrystalline polymers, respectively. In
Sect. 2, the effect of the copolymer sequence distribution on the miscibility of
homopolymer/copolymer blends is analyzed and the phase diagram of
homopolymer/homopolymer blends as well as surface tension of individual pol-
ymers are predicted using an atomistic modeling technique. The phase separa-
tion kinetics of immiscible polymer blends containing various types of block co-
polymers are investigated via MC simulations based on a coarse-grained mode-
ling in Sect. 3. Section 4 briefly describes the atomistic-continuum model pro-
posed by Santos et al. [11] and its application to mechanical properties of a semi-
crystalline polymer. Conclusions are drawn in Sect. 5.
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Miscibility of Polymer Blends

 

It is possible to obtain polymer blends with more desirable properties by mixing
miscible polymers, and thus it is very important to examine the factors affecting
the miscibility of polymer mixtures. The miscibility of homopolymer/copoly-
mer blends has been successfully described by the binary interaction model [12–
14]. One of successful applications of this model is to investigate the effect of the
composition of the copolymer on the miscibility of poly(ethylene oxide)
(PEO)/poly(styrene-

 

co

 

-acrylic acid) (SAA) blends [15] where both the specific
interaction between ethylene oxide (EO) and acrylic acid (AA) segments and the
intramolecular repulsive force in the SAA copolymer are responsible for the
miscibility. The sequence distribution of the copolymer in homopolymer/copol-
ymer blends may affect the charge distribution and the probability of contact
between interaction sites, and consequently affect the miscibility of the blend.
However, the binary interaction model is inadequate to study the sequence effect
due to the assumption of a random distribution. Balazs et al. [16] showed that
there is an optimal range of sequence distributions for which the homopoly-
mer/copolymer system is miscible by using their own model. Therefore, it is
necessary to re-examine the miscibility of PEO/SAA blend by taking into ac-
count the segment distribution of the SAA copolymer.

The lattice fluid equation-of-state theory for polymers, polymer solutions,
and polymer mixtures is a useful tool which can provide information on equa-
tion-of-state properties, and also allows prediction of surface tension of poly-
mers, phase stability of polymer blends, etc. [17–20]. The theory uses empty lat-
tice sites to account for free volume, and therefore one may treat volume changes
upon mixing, which are not possible in the Flory-Huggins theory. As a result,
lower critical solution temperature (LCST) behaviors can, in principle, be de-
scribed in polymer systems which interact chiefly through dispersion forces
[17]. The equation-of-state theory involves characteristic parameters,

 

 p

 

*

 

, 

 

n

 

*

 

, and

 

T

 

*

 

, which have to be determined from experimental data. The least-squares fit-
ting of density data as a function of temperature and pressure yields a set of pa-
rameters which best represent the data over the temperature and pressure rang-
es considered [21]. The method, however, requires tedious experiments to deter-
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mine the characteristic parameters when dealing with a new polymer. Moreover,
it may sometimes lead to a significant error in determining the characteristic pa-
rameters unless rigorous experimental data can be obtained. Thus, it would be
helpful if the molecular simulation method could provide the characteristic pa-
rameters without the experimental efforts.

In this section, first, the effect of the copolymer sequence distribution in
PEO/SAA blends is investigated by calculating the interaction energy parame-
ters using atomistic modeling [22] and, second, the phase diagram of polysty-
rene (PS)/poly(vinyl methyl ether) (PVME) blends as well as the surface ten-
sions of PS and PVME are predicted by the lattice fluid equation-of-state theory
whose characteristic parameters are obtained using atomistic modeling [23].

 

2.1
Theoretical Background

2.1.1

 

Copolymer Blend Theory

 

For simplicity, the monomeric units of AA, styrene and EO are denoted as

 

 a

 

,

 

 b

 

,
and

 

 c

 

 instead of using their full names. The free energy of mixing for a binary
mixture of a homopolymer and a copolymer, , is given by [12–
14]

(1)

where

 

 

 

c

 

tot

 

 is the parameter that represents the strength of the polymer-polymer
interaction. The homopolymer  has a volume fraction 

 

f

 

1

 

 and degree of po-
lymerization
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, and the copolymer  has a volume fraction 
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2

 

 and
degree of polymerization
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2

 

 with the composition of

 

 f

 

 and 1 – 

 

f

 

. When the binary
interaction model is invoked, the total interaction energy parameter 

 

c

 

tot

 

 is given
by

(2)

However, the simple binary interaction model is inadequate to study the se-
quence effects owing to its assumption of a random distribution. Assuming that
the interaction energy parameters of all

 

 a

 

-

 

a

 

 and

 

 b

 

-

 

b

 

 pairs are equivalent and
equal to zero and that all

 

 a

 

-

 

b

 

 interactions are equivalent to the average interac-
tion parameter , Balazs et al. [16] expressed 
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tot

 

 as the sum of the contribu-
tion of the composition 
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comp

 

 and the sequence distribution 
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dist

 

 as follows:
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(5)

where

 

 f

 

a

 

 and

 

 f

 

b

 

 are the fraction of

 

 a

 

 and

 

 b

 

 molecules in the copolymer,

 

 f

 

aa

 

,

 

 f

 

ab

 

,
and

 

 f

 

bb

 

 are the pair probabilities of
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,

 

 ab

 

, and
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 pairs in a single chain, and thus
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, and
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. The  is the average of the interactions
between

 

 a

 

 occupying the central site in the triads and

 

 c

 

, i.e., 
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. The  is similarly the average of
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, and
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. Although there
are nine possible

 

 a

 

-

 

b

 

 interactions, all interactions will be assumed equivalent to
the average interaction parameter  which is the intramolecular interaction in
the copolymer chain. Then, 

 

Dc

 

a

 

 and 

 

Dc

 

b

 

 are defined by Eqs. (6) and (7), respec-
tively:

(6)

(7)

A negative 

 

Dca implies that aaa-c interactions are energetically more favora-
ble than any other type of a-c interactions, and a similar comment is applicable
to Dca. The parameters q and d are introduced to specify the sequence distribu-
tion and the composition, respectively:

(8)

(9)

where q can range from 0 for a block copolymer to 1 for an alternating copoly-
mer, with the value 0.5 for a random copolymer. For symmetric copolymers, d =
0, and the copolymer composition can be expressed by d.

2.1.2
Lattice Fluid Theory

For a polymer liquid, the lattice fluid equation-of-state can be written in a re-
duced form as

(10)

Assuming high molecular weight (r Æ •) and near atmospheric pressure
, the chemical potential µ is given by

(11)
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where r is density, p is pressure, v is volume, T is temperature, and r is molecular
size parameter. The chemical potential, temperature, density, and pressure are
reduced by their respective equation-of-state parameters as follows:

(12)

For polymer liquids, the gradient approximation in conjunction with the lat-
tice fluid model has been used to calculate surface tensions [24, 25]. The Cahn-
Hilliard relation for surface tension s, in terms of reduced variables, can be ex-
pressed as

(13)

where

(14)

(15)

A dimensionless constant  has a priori theoretical value of 0.5 and the sub-
scripts, g and l, in Eq. (13) denote the gas state and the liquid state, respectively.
By substituting Eq. (11) into Eq. (14) and then integrating Eq. (13), the surface
tension can be obtained. Such a procedure has been previously shown to yield
estimates of surface tension for polyethylene melts in good agreement with ex-
periment [26].

For simplicity, assuming that the close-packed volume of a PS mer ( ) is
equal to that of a PVME mer ( ), the binary polymer blend is miscible [20]
when

(16)

where f is the free energy per mer, fi is the volume fraction of component i, and
b is the isothermal compressibility of the mixture. The interaction energy pa-
rameter c is expressed as
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(17)

where

(18)

More detailed description for Eq. (16), including the definition of Y, can be
found elsewhere [17, 20].

2.2
Model and Simulation

Segmental interaction energy parameters in PEO/SAA blends are calculated by
docking methods [27, 28]. The interaction parameter ci:j can be calculated from
a knowledge of pairwise interactions, wkls (k, l Œ {i, j}), and coordination num-
bers, zkls by using Eq. (19):

(19)

where wkl is an averaged pairwise interaction energy when a segment l is in con-
tact with the center segment k. A similar explanation can be given for zkl.

In order to simulate four wkls and zkls and to obtain ci:j, the model segments
i and j with proper charge distributions must be prepared. Nine model segments
were prepared in this system: aaa, aab, bab, aba, abb, bbb, a, b, and c. For the tri-
ads, the partial charges were calculated utilizing the charge equilibration meth-
od [29] after constructing and optimizing the triad structure, and then the mon-
omeric units on both sides were removed. Thus, a monomer structure, which
has the charge distribution of a monomer in the center of the triad, was pre-
pared. For example, the structure of a triad aba was produced, the partial charg-
es were calculated, and then as on both sides were removed, which produced a b
segment with the charge distribution of the b monomer in the triad aba. The b
segment will be denoted as aba in order to distinguish from other b segments
which come from triads abb and bbb. The other model segments aaa, aab, bab,
abb, and bbb were generated by following similar procedures. Three segments of
a and b were used for calculating  and . Additionally, the model segments
-a-, -b-, and c were made to have the total charge of zero, where the model seg-
ments -a- and -b- were prepared for calculating . As mentioned above, all the
a-b interactions were assumed to be equivalent to the average interaction pa-
rameter  to reduce the number of interaction energy terms, and thus the
model segments -a- and -b- were produced separately from the other model seg-
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ments. No segments are allowed to make contact in the chain direction due to
the chain connectivity. Thus, all segments were made inaccessible on both sides
in the chain direction by introducing two dummy atoms at the head and tail po-
sitions of the segments, which prevented contacts with other atoms.

A particular configuration of segments i and j was produced with them touch-
ing each other, and the pairwise interaction energy for the configuration was cal-
culated. The same procedure was repeated 100,000 times, and the Metropolis
criterion was used to determine whether to accept these configurations at a cer-
tain temperature. The interaction energy wkl(T) was determined by averaging
the energies of all accepted configurations at a given temperature. The coordina-
tion numbers zkls were obtained by calculating and averaging the possible num-
bers of nearest neighbors (l) in contact with the center segment (k) over 500 tri-
als. More detailed explanations can be found elsewhere [27].

The miscibility of PS/PVME blends are investigated in the following proce-
dure. An atactic PS chain with 20 repeating units and 50% of the meso diad frac-
tion is produced, and then packed into a cubic simulation box under periodic
boundary conditions, where the torsional angles are randomly created. The ini-
tial structure is roughly minimized and then relaxed by performing NVT-MD at
1000 K for 100,000 steps (1 step corresponds to 1 fs) to overcome the local min-
imum energy barrier. The structure is equilibrated by NpT-MD at 400 K for
100,000 steps and then NpT-MD at 300 K for 100,000 steps, where the coordi-
nates are stored at every 200 steps for the confirmation of the equilibration and
the analysis. The equilibration is monitored by the total energy and the volume
of the simulation box, because these two quantities are most important in this
study. The six equilibrated structures extracted from the MD trajectory at 300 K
are energy-minimized for both the coordinates of the atoms and the cell param-
eters [30]. After the minimization is converged, a short time NVT-MD begins at
high temperature. This minimization procedure followed by a short time NVT-
MD is repeated three times. After the final minimization, the close-packed state
at 0 K is obtained. It is reported that the energy-minimization results are almost
independent of the initial temperature of the model polymer [26, 30]. Thus, the
initial models for energy-minimization are prepared only at 300 K in this simu-
lation. The same procedures are also applied to the PVME. In summary, the vol-
ume-temperature and energy-temperature data are calculated from the results
of the NpT-MD, and the close-packed state at 0 K is directly obtained from the
energy minimization. The characteristic parameters are then evaluated by a
simple analysis of the simulation results.
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2.3
Results and Discussion

2.3.1
Homopolymer/Copolymer Blends

Total charge values for the segments aaa, aab, and bab produced by the charge
equilibration method are –0.009, –0.111, and –0.204, respectively. It is recalled
that the total charge values of the segments aaa, aab, and bab correspond to
those of the center monomer a only in each triad. The electron density in a in-
creases with the substitution of b which donates electrons more readily than a.
Total charge values of the segments aba, abb, and bbb are 0.181, 0.028, and 0.032.
This means that a monomer b connected to the electron-withdrawing monomer
a as its neighbor has a more positive net charge than when next to a b. Total
charge values of the other model segments, -a-, -b-, and c are zero.

The interaction energy parameters were calculated by the docking method
for the model segments which have proper charge distributions. Figure 1a shows
that the interaction between a and c is favorable, especially when a is activated
by b which donates electrons to its covalent-bonded neighbors. It is noteworthy
that the interaction between the sequence aaa and c is relatively unfavorable
which results in a positive Dca. This means that blockiness of a may lead to a
negative contribution to miscibility. The experimental results showed that there
exist both a specific interaction between a and c, and an intramolecular repul-
sion between a and b [15]. The experimental trends are seen in Fig. 1b, where

 is seen to be strongly positive whereas  has a strongly negative value.
Balazs et al. [16] assumed that  and that

 to reduce the number of interaction terms.
However, in this simulation, all the interaction terms such as caab:c(=cbaa:c),
cbab:c, caaa:c, cabb:c (=cbba:c), caba:c, and cbbb:c were calculated, and  and 
were taken as average values, because it is unreasonable to assume caab:c = cbab:c
and cabb:c =caba:c as one sees from Fig. 1a. Cantow and Schulz [31] also criticized
Balazs et al.’s assumption. They asserted that the assumption cause some incon-
sistency. They redefined Dca and Dcb as Dca= caaa:c – caab:c = caab:c – cbab:c and
Dcb =cbbb:c – cbba:c = cbba:c – caba:c. Figure 1 shows  and caaa:c – caab:c ª
caab:c – cbab:c at above room temperature, and Dca in this simulation has almost
the same value as the Dca obtained using the definition of Cantow et al. In the
case of Dcb, the situation is not the same as Dca, but the Dcb has too small value
compared with Dca to affect cdist. Consequently, results for cdist are well consist-
ent with those obtained from the definition of Cantow et al.

The total interaction energy parameter ctot, the composition dependent com-
ponent ccomp, and the sequence distribution dependent component cdist were
obtained by incorporating the simulated interaction parameters into Eqs. (3)–
(5). The monomer fractions (fa and fb) and diad fraction (fab) were determined
by varying q and d in Eqs. (8) and (9). An increase of AA content in SAA produc-
es more AA-EO interactions which is favorable for miscibility and thus leads to

cab cbc
c c c c cac aab c baa c bab c aaa c= = = π: : : :

c c c c cbc abb c bba c aba c bbb c= = = π: : : :

  cac     cbc

   Dc ca acª
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a negative ccomp (Fig. 2a). In the limit that the composition of AA approaches
1.0, cdist becomes equal to Dca. In the other limit that the composition of AA ap-
proaches 0.0, cdist becomes equal to Dcb. Because Dca is larger than Dcb, cdist in-
creases with the AA content (Fig. 2b). The blockiness of the sequence represent-
ed by lower q has a negative effect on the miscibility, which seems to arise from
the strong tendency of caaa:c > caab:c > cbab:c as shown in Fig. 1a. As a result, the
PEO is more miscible with the SAA copolymer having alternating sequence
(Fig. 2c).

Fig. 1a,b. Interaction energy parameters as a function of temperature obtained by atomistic
modeling [22]
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Fig. 2a–c. Interaction energy parameters at room temperature obtained by combining ato-
mistic modeling and the theory of Balazs et al.: a the composition dependent interaction en-
ergy parameter ccomp; b the sequence distribution dependent interaction energy parameter
cdist; c the total interaction energy parameter ctot [22]
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The temperature dependence of the total interaction parameter shows that
there exists an optimum condition for the composition at a given temperature
(Fig. 3). Binary blends of PEO/PS and PEO/PAA are immiscible and miscible, re-
spectively, at room temperature. The shape of curves implies that the homopol-
ymer/homopolymer blends will exhibit UCST behaviors. A drastic effect of the
sequence distribution on the miscibility can be found in Fig. 4. As the AA con-
tent in SAA increases from 5 mol% (Fig. 4a) to 7 mol% (Fig. 4b) to 10 mol%
(Fig. 4c), the blend becomes more miscible. The blend with random copolymers
becomes miscible at a composition between 5 and 7 mol%, which agrees well
with the experimental results [15]. At 7 mol%, the blend with block copolymers
shows positive c, while the blend with random copolymers has negative c. This
is very interesting because the miscibility could be controlled only by the change
of copolymer sequence distributions.

2.3.2
Homopolymer/Homopolymer Blends

Since  is defined as the specific volume at close-packed state and p* is equal
to e*/n*, i.e., the cohesive energy density at close-packed state [17], the specific
volume at 0 K corresponds to , and the cohesive energy density at 0 K to p*.
The T* is obtained by inserting the values of p*, , and simulated (T, nsp) data
at room temperature into the lattice fluid theory. The absolute values of simulat-
ed equation-of-state parameters may not be the same as the experimental ones
as shown in Table 1, because the procedures obtaining the parameters are differ-

Fig. 3. Total interaction energy parameter as a function of temperature for q = 0.5 [22]

    nsp
*

  nsp
*

  nsp
*
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Fig. 4a–c. Total interaction energy parameter between PEO and SAA for: a 5 mol%;
b 7 mol%; c 10 mol% of AA in SAA [22]
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ent from each other. They are, however, comparable to experimentally deter-
mined values. The relative magnitude of the characteristic parameters for two
polymers has been well produced in the simulation, which is very important for
determining the shape of the phase diagram and the qualitative trend of surface
tension.

Figure 5 shows the temperature dependence of the surface tension. The dif-
ferences between calculated values and the experimental ones do not exceed ca.
1 mN m–1. An adjustable parameter is not used by assuming that the  does not
vary with the temperature and is fixed at 0.5, a theoretical value for both PS and
PVME. This indicates that the simulated equation-of-state parameters for the
component polymers are reasonable. It has been known that the LCST behaviors
are originated from the specific interactions between components and/or the fi-
nite compressibility of mixture and that the phase separation is entropically

Table 1. Equation-of-state parameters [23]

p* (MPa)  (cm3 g–1) T* (K) 

PS simul.
exp.a

415 ± 6
357

0.927 ± 0.006
0.905

676
735 

PVME simul.
exp.b

446 ± 18
363

0.930 ± 0.007
0.909

639
657

aFrom [32]
bFrom [33]

  nsp
*

Fig. 5. Temperature dependence of surface tension of PS and PVME [23]. The circles repre-
sent the experimental data [34], and the lines are the calculated values using the simulated
equation-of-state parameters. The dimensionless constant  in Eq. (13) is fixed at a theo-
retical value of 0.5 such that there is no adjustable parameter

    k̃

  ̃k
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driven in either case. Determination of the interaction parameter between PS
and PVME is essential to predict the phase diagram using the equation-of-state
theory. The interaction between PS and PVME can be represented by a dimen-
sionless parameter z in Eq. (18), but this mixing rule can be applied only to the
situation where the dispersion force is dominant, that is, there is no remarkable
specific interaction. Although the evidence of the specific interactions between
PS and PVME has been reported [32, 35, 36], it has been presumed that there is
only weak specific interaction between PS and PVME, and the Flory’s equation-
of-state theory, in which specific interactions are not taken account, could be ap-
plied to the system [35]. In this work, the extent of the specific interaction is also
assumed to be weak enough for the original lattice fluid theory to be applied.
The parameter z might be simulated by the so-called docking method [22, 27,
28] where each ei (i = PS, PVME, or PS:PVME) is calculated and then one can de-
termine the value of z directly from Eq. (9). However, z is too sensitive to extract
an exact value from the method without any flexibility. Thus, the critical temper-
ature in the phase diagram is fitted to the experimental one by varying z (Fig. 6).
The best fit is obtained when z = 1.00066. The shape of calculated spinodal
agrees well with the experimental one, indicating that the determination of the
equation-of-state parameters from molecular simulations and some assump-
tions adopted here are reasonable.

The theoretical treatment accounting for nonrandom mixing which may be
induced by the specific interactions was first carried out by Guggenheim [38].
Sanchez and Balazs [39] have generalized the lattice fluid model by introducing
the idea of specific interaction in an incompressible binary blend into the origi-

Fig. 6. Phase diagram of PS/PVME blend [23] where the line represents the calculated re-
sults using the simulated equation-of-state parameters with z = 1.00066 and filled circles
represent experimental spinodal data [37]
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nal lattice fluid theory. However, the generalized lattice fluid theory has more
parameters to be fitted than the original theory. It is very significant that the
spinodal curve could be successfully predicted by using only one adjustable pa-
rameter when simulated values of equation-of-state parameters are used, con-

Fig. 7a–c. The second derivative of the free energy as a function of temperature [23]: a the
first term in Eq. (16); b the second term; c the total
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Fig. 8a–c. The second derivative of the free energy as a function of composition [23]: a the
first term in Eq. (16); b the second term; c the total
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sidering that the original lattice fluid theory predicts a very narrow spinodal
curve when experimental values of equation-of-state parameters are used with
one adjustable parameter [39].

When some conditions such as infinite molecular weight, near atmospheric
pressure and  are assumed, the simplified equation-of-state in
Eq. (16) leads to an easy interpretation on the phase diagram. Figures 7 and 8
show the components of the second derivative of the free energy per mer in
Eq. (16) as a function of temperature and composition, respectively. The first
term in Eq. (16), the enthalpic contribution slightly decreases in magnitude with
the temperature and is symmetric with respect to the volume fraction of the PS.
The second term, the compressibility contribution slightly increases with the
temperature and is asymmetric with respect to the volume fraction of PS. This
asymmetry leads to the asymmetric shape of the phase diagram, where the crit-
ical point for a LCST is rich in PVME with the lower T*. The total sum results in
the immiscibility at higher temperatures and PVME-rich region. In this system,
both the compressibility and the specific interaction shown by the negative in-
teraction parameter play important roles in developing the LCST behavior.

3
Block Copolymer as a Compatibilizer

The mechanism and dynamics of phase separation in polymer blends have long
been the subject for many researchers in an attempt to obtain high-performance
materials by controlling morphology [40–57]. Recently, phase separation behav-
ior in polymer blends containing a small amount of block copolymer has been
investigated [58–64], since a block copolymer is quite often used as a compati-
bilizer in many polymer blends for miscibility enhancement between immisci-
ble polymer pairs, leading to improved mechanical properties [65–67]. Roe and
coworkers [58, 59] have investigated the effects of butadiene-styrene block co-
polymer (PB-b-PS) on the kinetics of phase separation of off-critical mixtures of
low molecular weight PB and PS mainly in the late stage of phase separation.
They found that the growth rate of the average particle size of the dispersed
phase is reduced upon adding a small amount of the PB-b-PS due to the reduc-
tion of the interfacial tension between the demixed phases, resulting from the
accumulation of block copolymer at the interface. Hashimoto and Izumitani [60,
61] have studied the dynamics of phase separation for near-critical mixtures
composed of PB and poly(styrene-ran-butadiene) (SBR) to which a small
amount of SBR-b-PB is added. They observed that block copolymers added to
immiscible blends slow down the phase-separation process, and that the higher
the concentration of block copolymers in the blend, the slower the dynamics.
Laradji et al. [62] performed a computer simulation for the dynamics of the
phase-separation process of binary mixtures containing surfactants, based on a
time-dependent Ginzburg-Landau model, where the surfactant molecule has an
amphiphilic nature, i.e., a surfactant molecule in an A/B binary mixture consists
of an A-philic part and a B-philic part. Kawakatsu et al. [63] have studied the ef-

  n nPS
*

PVME
*=
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fects of added surfactant on phase separation dynamics using the hybrid model.
In both cases, it was found that the coarsening rate of domains is considerably
decreased in the late stage due to the reduced interfacial tension of the sur-
factant-absorbed interface. On the other hand, Lin et al. [64] found that, based
on the value of the Onsager coefficient during the early stage and the time taken
for the sample to enter the late stage of spinodal decomposition (SD), the addi-
tion of block copolymer leads to an acceleration of SD in the system of
polymethylbutylene (PM)/polyethylbutylene (PE)/PM-b-PE, although the addi-
tion of block copolymer results in a finer structure over the entire time range. In
this case, the block copolymer was not located preferentially at the interface, but
uniformly distributed in the sample, unlike what is usually observed in mixtures
of two homopolymers and a block copolymer. In this section, the effects of in-
teraction energy, chain length, and composition of C-b-D block copolymers on
the phase separation dynamics and mechanism of A/B immiscible homopoly-
mer blend are systematically analyzed using Monte Carlo simulation [68–71].

3.1
Simulation Methods

The simulations are performed on a simple cubic lattice of 50¥50¥50 sites with
periodic boundary conditions. An A/B binary blend system is first simulated and
then A/B/C-b-D ternary blend systems containing various types of block copol-
ymers, where all polymer chains are represented as self-avoiding and mutually
avoiding near-neighbor walks on the lattice are simulated. The composition of
homopolymers A and B is fixed at 75/25 v/v in all cases, and the homopolymer
chains have the same chain length, i.e., NA = NB = 10. The phase separation of
homopolymer chains A and B is induced by introducing a positive pairwise in-
teraction energy eAB(= e¢AB/kBT, where kB is the Boltzmann constant and T is
temperature). In all cases, as eAB has a constant positive value (+0.5), homopol-
ymers A and B are phase-separated. The blocks of added copolymer have chem-
ically different structures from the homopolymers, and thus there are a total of
six different interaction energy parameters including eAB. All interaction ener-
gies used in the blend systems and the nomenclature of block copolymer added
in this work are summarized in Table 2. The total chain length Nblock, the com-
position f (= NC/Nblock, where NC is the length of block C), and the interaction
parameters e of block copolymers are systematically varied in order to investi-
gate their effects on the phase separation process of immiscible polymer blends.
In all cases, the amount of added block copolymers is fixed at 5.7% of the total
sites occupied by all chain segments. The total volume fraction of polymers is set
at 0.61.

The bond fluctuation model [72] is used to simulate the motion of the poly-
mer chains on the lattice. In this model, each segment occupies eight lattice sites
of a unit cell, and each site can be a part of only one segment (self-avoiding walk
condition). This condition is necessary to account for the excluded volume of the
polymer chains. For a given chain, the bond length between two successive seg-
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ments can have all possible lengths from 2 to 101/2, restricted to a particular set
of vectors [73]. For a cubic lattice, the possible vectors can be derived from the
basic set {(2,0,0), (2,1,0), (2,1,1), (2,2,1), (3,0,0), and (3,1,0)}. This set of bonds
guarantees the self-avoiding condition and recognizes the non-intersection rule
in the course of their motion. The polymer chains move by random diffusion
jumps of their segments to nearest-neighbor lattice sites simultaneously obey-
ing the excluded volume and bond-length constraints.

To monitor the time evolution of the long-range ordering, the collective
structure factor at the constant time interval of phase separation is calculated by
Eq. (20):

S(q,t) = ·Âexp(iq ◊ r)f(r + r¢,t)f(r¢,t) – ·fÒ2Ò/L3 (20)

where q = (2/L)(xi + yj + zk) with x, y, z = 1,2,3,…, L, where L is the dimension
of the system, and the angular brackets denote an average over the number of
runs. This quantity represents a Fourier transform of pair-correlation functions
and is spherically averaged to smooth the results as follows:

(21)

where q = (2p/L)n with n = 1,2,…, and each sum Â¢ for a given value of n is over
a spherical shell defined by

(22)

The first moment q1(t) of the structure factor is also computed in order to ob-
serve the coarsening processes in the later stage of phase separation more clear-
ly. This quantity q1(t), the inverse of which is a measure of the average domain
size, is defines as

Table 2. Classification of block copolymers according to their interaction type and compo-
sition

Block copolymer eAB eCA eCB eDA eDB eCD Composition f

Repulsive block copolymer
R11f5
R21f5
R22f5
R22f7

0.5
0.5
0.5
0.5

0.1
0.1
0.1
0.1

1.0
2.0
2.0
2.0

1.0
2.0
2.0
2.0

0.1
0.1
0.1
0.1

1.0
1.0
2.0
2.0

0.5
0.5
0.5
0.7

Attractive block copolymer
A01f5
A02f5
A05f5
A05f7

0.5
0.5
0.5
0.5

–0.1
–0.2
–0.5
–0.5

0.5
0.5
0.5
0.5

0.5
0.5
0.5
0.5

–0.1
–0.2
–0.5
–0.5

0.5
0.5
0.5
0.5

0.5
0.5
0.5
0.7

S q t S q t
qq
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(23)

For typical measure of domain size, one usually considers either the location
qmax(t) of the peak of the spherically averaged structure factor or some moment
of S(q,t). Here only the first moment q1 will be considered as a measure of aver-
age domain size, since qmax cannot be precisely determined due to the discreti-
zation of the scattering vector q in a finite lattice. Five independent runs are per-
formed for each case, and all the results are reported by averaging the data from
five independent runs.

3.2
Results and Discussion

3.2.1
A/B Binary Blends

The simulation result for the time evolution of structure factors as a function of
the scattering vector q for an A/B 75/25 (v/v) binary blend is shown in Fig. 9
where time elapses in order of Fig. 9c to 9a. The structure factor S(q,t) develops
a peak shortly after the onset of phase separation, and thereafter the intensity of
the peak Smax increases with time while the peak position qmax shifts toward
smaller values with the phase-separation time. This behavior suggests that the
phase separation proceeds with evolution of periodic concentration fluctuation
due to the spinodal decomposition and its coarsening processes occurring in the
later stage of phase separation. These results, consistent with those observed in
real polymer mixtures, indicate that the simulation model can reasonably de-
scribe the phase separation process of real systems.

The process of phase separation is also accompanied with a change in the
number of nearest neighbor contacts and the linear dimensions of the chains, as
shown in Fig. 10. Figure 10a shows the variation of the number of contacts per
chain between the same kind of segments (A-A) on different chains and between
the different kind of segments (A-B) with the phase separation time. The
number of contacts between the same kind of segments, nAA, increases fast and
then levels off, while the number of contacts between the different kind of seg-
ments, nAB, decreases quickly in the early stage of phase separation and then lev-
els off as the phase separation further proceeds. The variation of the radius of
gyration of chains with time is shown in Fig. 10b. In both cases of chains A and
B, the contraction of coils occurs at the early stage of phase separation, the extent
of which is larger for chain B corresponding to the minor phase than for chain A
corresponding to the major phase.

q t

qS q t

S q t
q

q
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Fig. 9a–c. Time evolution of structure factor during phase separation for an A/B binary
blend [71]. Time elapses in order of c to a
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Generally, the spinodal decomposition of polymer mixtures is classified into
three stages, each of which is called early, intermediate, and late stage, respec-
tively [50]. In the early stage of spinodal decomposition, whose dynamics can be
well described by the linearized theory [74], the amplitude of the fluctuations
exponentially increases with time without any variation in the wavelength of the
fluctuations. The phase separation up to 5000 Monte Carlo (MC) steps in Fig. 9c
corresponds to this stage. With increasing amplitude the linear approximation

Fig. 10a,b. Change of: a the number of nearest neighbor contacts; b the linear dimension of
chain A and B with time for A/B binary blend [68]
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in the linearized theory fails, indicating the onset of the intermediate stage. In
this stage, both the wavelength and the amplitude of the concentration fluctua-
tion grow with time. In this simulation, the profiles up to 40,000 MC steps in
Fig. 9b correspond to the intermediate stage. In the late stage of spinodal decom-
position, the amplitude of fluctuations reaches an equilibrium but the wave-
length still increases with time.

The application of the Cahn’s linearized theory to polymer mixtures was first
developed by de Gennes [40] and Pincus [41], based on the Flory-Huggins free
energy expression. Subsequently, Binder [42] incorporated the concept of ther-
mal noise, introduced earlier by Cook [75], into the polymer-based derivation.
This theory implies an exponential growth of structure with time:

(24)

where S(q,t)~I(q,t) is the collective structure factor, Sx(q) represents a virtual
structure factor, and R(q) is the growth rate for the q-Fourier mode of the fluc-
tuation determined by the collective diffusivity Dapp, as given by

(25)

However, it was not possible to find a time region in which S(q,t) increases ex-
ponentially with time in the plots of S(q,t) vs time t in these blend models. The
structure factor increased linearly with time and then bent down, reflecting the
onset of strong nonlinear effects, as in the cases observed in the simulations of
spinodal decomposition in metallic alloys [76–78]. An initial stage of spinodal
decomposition can be identified in Fig. 11, which shows the variation of the first
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Fig. 11. Log-log plot of the first moment q1(t) of structure factor as a function of time for an
A/B binary blend [71]
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moment q1(t) of structure factors with time in double-logarithmic plot. In this
figure, two different time regimes are clearly observed. The first regime, where
q1 is almost invariant with time, as predicted by the linearized theory, corre-
sponds to the early stage of spinodal decomposition. After this stage, q1(t) de-
creases with time due to the increase in the amplitude of concentration fluctua-
tion, indicating that the phase-separation process moves to the intermediate
stage. It is also observed in Fig. 11 that q1(t) is proportional to t–1/3 in the late
stage. The value of exponent, –1/3, is generally accepted for the spinodal decom-
position in binary mixtures without the hydrodynamic interaction [79]. It
should be noted that in a real polymer blend, the coarsening process proceeds
with q1(t)~t–1 due to the hydrodynamic interactions [80].

In the late stage of phase separation in binary polymer mixtures, all length
scales, except the microscopic ones, have the same time dependence [55, 56].
This leads to the following scaling property of structure factor:

S(q,t) = Mq1(t)–dF(x) (26)

where d is the spatial dimension, x = q/q1(t), M an arbitrary normalization con-
stant, and F the scaling function. The q1 is used as a single time-dependent
length parameter. In order to test if the scaling relation holds in this simulation,
the scaled structure factor is calculated by Eq. (27):

(27)

When the scaled structure factor F(x) is plotted against the reduced scattering
vector x for an A/B binary blend in Fig. 12, F(x) becomes essentially universal

F x L q S q t q S q t
q

( ) ( / ) ( , ) / ( , )= Âp 1
3 2

Fig. 12. Plot of the scaled structure factor F(x) in the late stage of spinodal decomposition
for an A/B binary blend as a function of the reduced scattering vector x [71]
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with time and falls closely to a single master curve. This behavior indicates that
there exists self-similarity between the phase-separated structures developed at
different times in the late stage of phase separation.

3.2.2
A/B/C-b-D Ternary Blends

In general, a block copolymer added to immiscible polymer blend significantly
suppresses the growth rate of phase-separated domains due to the reduction of
interfacial tension resulting from a preferential localization of block copolymer
at the interface. However, the retardation effect by the block copolymer is found
to be dependent upon the structure of the block copolymer added, such as the
interaction energy, the chain length, and the composition of block copolymer.

3.2.2.1
Effects of the Interaction Energy of Block Copolymers

Figure 13 shows the time evolution of structure factors during phase separation
for an A/B binary blend and two A/B/C-b-D ternary blends containing a small
amount of block copolymers that have the different types of interaction energies
between the blocks and the homopolymers. It can be seen that the rate of phase
separation is faster for the binary blend than for two ternary blends containing
a block copolymer. This observation clearly indicates that the added block co-
polymer plays the role of compatibilizer. Another interesting feature from
Fig. 13 is that even block copolymers having the repulsive interactions with
homopolymers can suppress the growth rate of phase-separated domains, al-
though the suppression is not so effective as the case where the block copolymer
having the attractive interactions is added. This indicates that the block copoly-
mer having repulsive interactions with the homopolymers can also act as a com-
patibilizer as long as block C is less compatible with homopolymer B than with
homopolymer A, i.e., eCB > eCA and block D is less compatible with homopoly-
mer A than with homopolymer B, i.e., eDA > eDB. In this case, as reported by Vil-
gis and Noolandi [81], the competitive interactions of the blocks with the
homopolymers force the block copolymers to preferentially localize at the inter-
face between two phases and consequently result in the reduction in the interfa-
cial tension. This is responsible for the retardation effect observed in Fig. 5c
where the block copolymers have the positive interactions with homopolymers.

Figure 14 shows the time evolution of the structure factor during phase sepa-
ration for the ternary blend systems containing attractive block copolymers
with eAC(=eBD) being equal to –0.1, –0.2, and –0.5, respectively, where Nblock=12
for all blend systems. When one compares Fig. 14a, b, and c with each other, one
may realize that the retardation of phase separation by the addition of block co-
polymer becomes more pronounced as the interaction energies (eAC and eBD)
become more negative. This phenomenon seems to be closely related to the var-
iation of the radius of gyration of block copolymers with the magnitude of inter-
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Fig. 13a–c. Time evolution of structure factor during the phase separation for: a a blend
without block copolymer; b blend with block copolymers of attractive interaction (A05f5);
c blend with block copolymers of repulsive interaction (R11f5) between the blocks and the
homopolymers [70]. The total chain length of block copolymers is Nblock = 12
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Fig. 14a–c. Time evolution of structure factor during the phase separation for ternary
blends with attractive block copolymers where Nblock = 12 for all blends [68]: a A01f5;
b A02f5; c A05f5
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action energy, as shown in Fig. 15. The block copolymers migrate to the inter-
face between the two phases, where the blocks penetrate into their respective
homopolymer phases, leading to an increase in the linear dimension of block co-
polymer chains. The larger the interaction between the block and correspond-
ing homopolymer, the larger the extension of block copolymer chains becomes.
Consequently, the block copolymers with more negative interactions can accu-
mulate more at the interface, causing a larger reduction in the interfacial ten-
sion.

Figure 16 shows that the best retardation effect is obtained with R22f5 among
repulsive block copolymers investigated in this study. Thus, the competitive in-
teractions of the blocks with different homopolymers are shown to promote the
retardation. In other words, as the relative repulsion between block C and
homopolymer B and between block D and homopolymer A increases, i.e., if the
interaction of block C (D) with homopolymer B (A) is more repulsive than that
of block C (D) with homopolymer A (B), the rate of phase separation is retarded
more effectively. Vilgis and Noolandi [81] also predicted strong interfacial activ-
ity of block copolymers with such interactions. Therefore, it can be concluded
that the interaction energy between blocks also has an important effect on the
phase separation of immiscible blends.

3.2.2.2
Effects of the Chain Length of Block Copolymers

The effects of chain length of added (attractive or repulsive) block copolymer on
the phase separation dynamics of immiscible polymer blends are summarized

Fig. 15. Change of mean-squared radii of gyration of attractive block copolymers (Nblock =
12) with different interaction during the phase separation [68]
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in Fig. 17. The contact number nAB between A and B segments is a useful meas-
ure of the degree of phase separation, i.e., smaller nAB means higher degree of
phase separation. When one compares nAB values in Fig. 17, it is found that the
degree of phase separation depends on the interaction type (attractive or repul-
sive) and the chain length of added block copolymers.

Noolandi and coworkers [82–84] investigated the equilibrium interfacial
properties for the multi-component mixtures containing a block copolymer by
the numerical calculations based on the self-consistent mean field theory. For
both A/B/A-b-B and A/B/C-b-D systems, they found that the interfacial tension
decreases and the concentration of block copolymer at the interface increases
with increasing the chain length of block copolymer. Israels et al. [85] examined
the interfacial behavior of symmetric A-b-B diblock copolymers in a blend of
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Fig. 17a,b. Change of normalized contact number nAB between segments of homopolymer
A and B in the ternary blends containing: a attractive (A05f5); b repulsive block copolymers
(R11f5) of different chain lengths with time [71]
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immiscible homopolymers A and B by a similar method. They also found that
the interfacial tension can be significantly reduced when the blocks in the copol-
ymer are longer than the corresponding homopolymer. Such behavior is also ob-
served in these simulation results. As shown in Fig. 17, as the chain length of
block copolymer increases from Nblock = 12 to Nblock = 18, nAB becomes larger
over the entire time examined, indicating that the retardation effect by block co-
polymers is enhanced. However, when the copolymer chain length increases fur-
ther to Nblock = 30, a distinctly different behavior is observed in the retardation
effect between the attractive and repulsive block copolymers. The retardation ef-
fect of repulsive block copolymer (Fig. 17b) becomes better when the block co-
polymer chain length increases further to Nblock = 30, as predicted by the theo-
retical calculation mentioned above, whereas the retardation effect of attractive
block copolymer with Nblock = 30 (Fig. 17a) becomes rather worse than the cases
of Nblock = 12 and Nblock = 18. It is known that the emulsifying effect of block co-
polymer is sometimes limited by the copolymer micelle formation in homopol-
ymer phases, because this micelle makes it difficult for the system to reach an
equilibrium by slowing down the migration of block copolymer to the interface.
As a result, a decrease in the retardation effect of attractive block copolymer with
Nblock = 30 may be explained by the micelle formation of the block copolymer in
homopolymer phases, although it is not possible to find a direct evidence of mi-
celle formation in this simulation. However, the reason why the retardation of
the block copolymer with Nblock = 30 becomes worse could be explained by com-
paring the radius of gyration of block copolymers with different chain lengths.
In general, as the phase separation proceeds, the block copolymer chains are ex-
tended, since they migrate to the interface during the phase separation and each
block chain penetrates into its respective homopolymer phase. When Fig. 17 is
compared with Fig. 18, it is seen that the degree of chain extension of block co-
polymer is consistent with the degree of phase separation for both types of block
copolymers. The attractive block copolymer with Nblock = 30 is least extended,
whereas the repulsive block copolymer with Nblock = 30 is most extended.

In Fig. 18, some different behavior between the attractive and repulsive block
copolymer is observed. First, attractive block copolymers are more extended
than repulsive ones, indicating that they basically have a better retardation effect
than repulsive ones. This is a result of the fact that the blocks in repulsive block
copolymers are contracted due to the repulsive interaction between blocks and
homopolymers even after block copolymers migrate to the interface, although
the overall chain dimension increases with time during phase separation. An-
other difference between the attractive and repulsive block copolymers is ob-
served in the early stage of phase separation, where the repulsive block copoly-
mer chains are slightly contracted. In this stage, the interface is not fully devel-
oped and most of block copolymers remain in the bulk phase. The blocks in co-
polymer have repulsive interactions with all homopolymers and thereby the
block copolymer chains are contracted. However, as the phase separation pro-
ceeds further, the interfaces are formed and at the same time the block copoly-
mers migrate to the interface, resulting in chain extension.
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3.2.2.3
Effects of the Composition of Block Copolymers

For attractive block copolymers with chain length shorter than the homopoly-
mers, the copolymer with a symmetric composition (f = 0.5) is more effective
than the asymmetric ones in retarding the phase separation (Fig. 19a). However,
for the block copolymers with chain length longer than the homopolymers, a co-
polymer with an asymmetric composition shows better retardation effect
(Fig. 19b). The composition of a block copolymer exhibiting the best effect is de-
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termined by the composition equal to the homopolymer blend composition be-
cause of the curvature properties of the interface, i.e., the elasticity and sponta-
neous radius of curvature of the interface. These results can be roughly expected
by the theoretical calculation on the basis of the random phase approximation
(RPA) [86] for A/B/A-b-B blend systems. Tanaka and Hashimoto [87] calculated
the stability limits of the phase transitions of binary and ternary mixtures of A-
b-B diblock copolymer with corresponding homopolymers A and/or B by using
RPA. According to their calculation scheme, the maximum compatibilizing ef-
fect can be observed when the block copolymer having the same composition as
the homopolymer blend composition is mixed in the ternary mixture. Figure 20
shows variations of the radius of gyration of the attractive block copolymers in
the ternary blends during the phase separation. The extension level of block co-
polymer chains with two different compositions shown in Fig. 20 exactly match-
es the degree of the phase separation observed in Fig. 19.

However, a repulsive block copolymer exhibits different behavior in the com-
position effect on the phase separation of polymer blend. As observed in Fig. 21,
unlike the case of attractive block copolymer, the retardation effect by the asym-
metric block copolymer with f = 0.7 becomes rather worse than that by the sym-
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metric block copolymer when the chain length of block copolymer was Nblock =
30. When Nblock = 12, an asymmetric one shows almost the same retardation ef-
fect as the symmetric one. The effect of the composition of repulsive block co-
polymer can be analyzed by considering the change of the contact number nAB
between A and B segments, as shown in Fig. 22. As mentioned earlier, this con-
tact number is a measure of the degree of the phase separation. When Nblock = 30
(Fig. 22b), the asymmetric block copolymer has a smaller nAB value than the
symmetric one over the entire time examined, indicating that its retardation ef-
fect is worse. When Nblock = 12 (Fig. 22a), the asymmetric block copolymer has
the similar value of nAB to the symmetric one. These results are exactly consist-
ent with ones observed in the time evolution of structure factors in Fig. 21.
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3.2.2.4
Scaling

It has been found that the phase separation of A/B binary blends obeys the dy-
namic scaling law such as Eq. (27) [68]. As seen in Fig. 23, it is clear that such a
scaling relation holds for ternary blend systems containing attractive block co-
polymers, irrespective of the chain length and interaction energy of attractive
block copolymers added. The single time-dependent length parameter used for
the scaling analysis was the first moment q1(t) of structure factors, the inverse of
which represents the average size of the phase-separated domains. However,
F(x) is not universal at x > 2 corresponding to the scale of local domain such as
the interface, implying that the interfacial structure cannot be scaled with the
length parameter q1(t) characterizing the global structure. Hashimoto and cow-
orkers [55, 56] divided the late stage of spinodal decomposition into two differ-
ent stages, late stage I and late stage II. They defined the late stage I as the time
interval during which the scaled structure factor F(x) for high x remains unscal-
able with q1(t) only. Thus, in this stage, the local structures at different times do
not have self-similarity, implying that local structure such as the interfacial
structure would obey different scaling laws. The late stage II was defined as the
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time interval in which the complete universality of F(x) is observed. In this stage,
the time evolution of the self-assembled structure is scaled with a single length
parameter over the entire length scale.

Figure 24 shows the time change of the scaled structure factor F(x) for a ter-
nary blend with a repulsive block copolymer (R22f5) with Nblock = 12. F(x) in-
creases with time t up to 50,000 MC steps as shown in Fig. 24a, i.e., F(x) is not
universal. This results from the increase of the concentration fluctuation in the
polymer mixture, and thus this stage corresponds to the intermediate stage of
spinodal decomposition. With increasing time, F(x) becomes universal with t as
shown in Fig. 24b, implying that the dynamical self-similarity holds for this
model system. This time regime corresponds to the late stage. The same scaling
feature is also observed for other ternary blends containing the repulsive block
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added to A/B immiscible polymer blends [71]
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copolymers with different chain length and composition. The scaled structure
factors are plotted against the reduced scattering vector in the double-logarith-
mic scale for various blend systems in Fig. 25. As shown in the figure, the scaled
structure factors are universal at x < 2, irrespective of the chain length and the
interaction type, indicating that the growth of phase-separated domains occurs
with self-similarity for both cases of the attractive and repulsive block copoly-
mers. In other words, the addition of block copolymers to immiscible blends
does not affect the growth mechanism of global structure. These simulation re-

1 10

F
(x

)

10-4

10-3

10-2

10-1

x

1 10

F
(x

)

10-4

10-3

10-2

10-1

a

b

A01f5
A02f5
A05f5

without block

Nblock = 12
Nblock = 18
Nblock = 30

Fig. 23a,b. Scaled structure factor F(x) as a function of the reduced scattering vector for
A/B/C-b-D blend containing attractive block copolymers: a with different interaction ener-
gies and Nblock = 12; b with different chain length of A05f5 block copolymers [68]



Molecular Simulation Approaches for Multiphase Polymer Systems 39

sults are consistent with the experimental ones [58]. It is interesting to note that
we can observe in Fig. 25 the peak around x = 2 which seems closely related to a
locally patterned structure. This behavior can also be observed in the majority
of binary mixtures without block copolymer [53–56].
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4
Mechanical Properties of Semicrystalline Polymers

Molecular modeling techniques have been used to predict and interpret me-
chanical properties of polymers [88–95]. Theodorou and Suter [88, 89] found
that the internal energy contribution to the elastic response is much more im-
portant than the entropic contribution for glassy polymers by a thermodynamic
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analysis. They modeled elastic properties of a glassy amorphous vinyl polymer
using MM and found that atomic displacements deviate considerably from aff-
ine behavior. Fan and Hsu [93] predicted mechanical and thermal properties of
the aromatic polysulfone relaxed by MD and MM. However, it has been very dif-
ficult, if not impossible, to predict mechanical properties of multiphase poly-
mers such as polymer blends and semicrystalline polymers by molecular simu-
lation due to its limited length scale (ª 30 Å).

There have been many efforts for combining the atomistic and continuum
levels, as mentioned in Sect. 1. Recently, Santos et al. [11] proposed an atomistic-
continuum model. In this model, the three-dimensional system is composed of
a matrix, described as a continuum and an inclusion, embedded in the continu-
um, where the inclusion is described by an atomistic model. The model is vali-
dated for homogeneous materials (an fcc argon crystal and an amorphous poly-
mer). Yang et al. [96] have applied the atomistic-continuum model to the plastic
deformation of Bisphenol-A polycarbonate where an inclusion deforms plasti-
cally in an elastic medium under uniaxial extension and pure shear. Here the at-
omistic-continuum model is validated for a heterogeneous material and elastic
constant of semicrystalline poly(trimethylene terephthalate) (PTT) is predicted.

4.1
Description of the Atomistic-Continuum Model

The system in the atomistic-continuum model is composed of a matrix, de-
scribed as a continuum, and an inclusion represented in atomistic detail, as
shown in Fig. 26. The matrix is modeled by the finite element method developed
by Gusev [97]. The scaling matrix H = [ABC] describes the system under period-
ic boundary conditions, where A, B, and C are cell vectors [98–100]. A set of nod-
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Fig. 26. Schematic diagram of the atomistic-continuum model. Note that sb and h are de-
pendent variable calculated from H and DH
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al points xb
i and xc

i are specified on the inclusion boundary and in the continuum,
respectively, which are vertices of a periodic network of Delaunay tetrahedra
[101]. The scaled coordinates sb

i and sc
i are used as degrees of freedom via xb

i  =
Hsb

i and xc
i = Hsc

i. The local strain tensor inside each tetrahedron eeeeb can be de-
fined from the local scaling matrix hb as

(28)

where subscript 0 represents the undeformed state. The Helmholtz elastic free
energy in the matrix is given by

(29)

where eb is a six-dimensional strain vector obtained from eb. In atomistic si-
mulation, the scaled coordinates of atoms are chosen as a degree of freedom via
xa

i  = hsa
i, and therefore the internal energy in the atomistic box has the form of

Eatom(h,sa
i).

The key idea to mix two different length scales is to couple the displacement
of nodal points on the inclusion boundary with the change of the atomistic scal-
ing matrix via

(30)

In other words, the inclusion boundary follows the homogeneous deforma-
tion of the atomistic box. Both the system box H and atomistic box h should be
independent degrees of freedom in the model. Instead of considering h as a de-
gree of freedom, the degree of freedom DH is introduced to relate two scaling
matrices through

(31)

where DH acts as the deviatoric part from H. The dependent variable sb
i is written

as

(32)

Consequently, the system can be described by four types of degrees of free-
dom: H, h, sc

i, and sa
i. The total energy of the system is

(33)

where Vinc and Vatom are the volumes of inclusion and atomistic box, respective-
ly. Note that aV remains constant during the deformation because the inclusion
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boundary deforms according to the atomistic box. A detailed description of the
model can be found in [11].

4.2
Simulation Methods

The system (semicrystalline PTT) is a cube with an edge length of 100 Å, which
has one spherical inclusion (crystalline phase) embedded in the matrix (amor-
phous phase). The volume fraction of an inclusion is systematically varied to ac-
count for different crystallinity (f inc = 0.11, 0.18, 0.27, and 0.38). In all cases, ap-
proximately 1500 nodal points are specified on the inclusion boundary (xb

i) and
6000 ones in the continuum (xc

i), resulting in approximately 45,000 tetrahedra
after Delaunay tessellation. The Polak-Ribiere conjugate gradient algorithm
[102] is adopted to minimize the system energy. Full atomistic model for amor-
phous PTT with 100 repeating units (2502 atoms) is prepared so as to yield the
experimental density of 1.31 g cm–3. Full atomistic model for crystalline PTT
with 2400 atoms is also built by accumulating 48 unit cells from the experimen-
tally determined scaled coordinates of atoms and unit cell parameters[103, 104].
Both atomistic boxes are equilibrated through MM and MD runs. The pcff force
field [105] is used to evaluate the atomistic energy. All the results are reported by
averaging three independent microstructures.

The constant strain method [11, 96] is used to calculate elastic constants. In
this method, 21 independent sets of small strains (2.0¥10–3) are applied to the
simulation box at the minimum energy configuration and the energy is mini-
mized with respect to all remaining degrees of freedom at fixed shape of the sim-
ulation box (h for atomistic modeling, H for atomistic-continuum model). The
elastic constants C are evaluated from the minimized energy E by

(34)

where V is the volume of the simulation box (  for atomistic modeling,  for
atomistic-continuum model). For convenience of calculation, the stiffness ma-
trix Cij is converted into the compliance matrix Sij from which Young’s modulus
is calculated by

(35)

The whole simulations are performed according to the following procedure.
First, elastic constants of PTT in amorphous phase Camor are calculated using the
atomistic modeling, which will be used as input values for the matrix Cb in the
atomistic-continuum model. Second, elastic constants of PTT in crystalline
phase Ccrst are also evaluated in the same manner as those of amorphous PTT.
Third, the atomistic-continuum model is validated for heterogeneous material
by comparing the calculated elastic constant for the system of infinite lamellas
with its exact solution. Finally, elastic constants of semicrystalline PTT with dif-

E E V T– 0
1
2

= e Ce

 
h H

    E S E S E S1 11
1

2 22
1

3 33
1= ,  = ,  =– – –



44 Won Ho Jo, Jae Shick Yang

ferent crystallinity can be evaluated using the atomistic-continuum model. The
crystallinity is controlled by varying the volume fraction of the inclusion.

4.3
Results and Discussion

The stiffness matrices of amorphous and crystalline PTT calculated by atomistic
modeling are

(36)

(37)

For the system of infinite lamellas, the exact solution for C33 is obtained from
Eq. (38) [97]:

(38)

where f inc is the volume fraction of lamellar inclusion. If the system is deformed
only in the 3-direction, the exact value of strain energy Eexact will be

(39)

Figure 27 shows that the simulated strain energy converges to its exact value
obtained from Eqs. (38) and (39) as the energy minimization proceeds. Thus it
is clear that the atomistic-continuum model has the consistency for heterogene-
ous materials as well as for homogeneous materials.

If the system undergoes deformation in the atomistic-continuum model, all
variables are initially set to deform affinely according to H, and then can vary
from their initial positions during energy minimization. Therefore, the initial
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value of the inclusion energy, which is obtained from the atomistic energy, is
much higher than that of the matrix energy due to the connectivity of atoms, as
shown in Fig. 28. Another interesting feature from Fig. 28 is that the inclusion
energy decreases while the matrix energy increases continuously during energy
minimization. This is because the inclusion (crystalline phase) is much stiffer
than the matrix (amorphous phase), as clearly seen in Eqs. (36) and (37). The
strain of the atomistic box in the deformed direction decreases from its initial
value, as shown in Fig. 29, resulting in the decrease in the inclusion energy. Be-
cause the system strain does not vary during energy minimization, the decrease
in the strain of atomistic box leads to an increase in the strain of tetrahedra in
the continuum, which subsequently results in the increase in the matrix energy.
Figure 30 shows that the modulus in the 3-direction of semicrystalline PTT in-
creases with crystallinity, as expected. The simulated modulus lies in between
the Voigt model (parallel model) and the Reuss model (series model). It is im-
portant to define a representative volume element (RVE) which is large enough
to represent the overall behavior of heterogeneous materials [97, 106]. Gusev
[97] compared the overall elastic constants of the systems with 1, 8, 27, and 64
spherical inclusions and found that the RVE size is remarkably small. However,
in his study, elastic constants calculated from the system with one sphere
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showed deviation from the averages by 10%. If the system including more than
one spheres is used in this simulation, more precise value can be obtained.

5
Conclusions

This review has illustrated various properties of multiphase polymer systems
obtained from computer simulation. Three modeling techniques – atomistic,
coarse-grained, and atomistic-continuum modeling – are applied to miscibility
of homopolymer/copolymer and homopolymer/homopolymer blends, compat-
ibilizing effect of block copolymers, and mechanical properties of semicrystal-
line polymers, respectively.

As an example of atomistic modeling for multiphase polymer systems, misci-
bility of PEO/SAA and PS/PVME blends are investigated. For PEO/SAA blends,
the effect of sequence distribution of copolymer on the miscibility of blends is
analyzed by calculating the interaction energy parameters. It is observed that
both the sequence distribution and the composition significantly affect the de-
gree of miscibility. For a fixed composition, there exists an optimal range of se-
quence distribution for which the blend system is miscible. The sequence distri-
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bution not only affects the charge distribution of segments which in turn affects
the contact energy, but also affects the probability of contacts between interac-
tion sites. It is also observed that the segmental interaction energy itself is more
important than the local spatial distribution of the segments, to determine the
effect of the copolymer sequence distribution on the miscibility.

For PS/PVME blends, the thermodynamic properties are calculated by MD
and MM, from which the characteristic parameters of the equation-of-state the-
ory, p*, , and T* are determined based on the physical meaning of the para-
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meters. The lattice fluid theory with simulated characteristic parameters is used
for the prediction of the surface tension of each polymer and the phase diagram
of the blend. The calculated surface tensions of PS and PVME with no adjustable
parameter agree well with the experimental data within ca. 1.0 mN m–1, indicat-
ing that the simulated equation-of-state parameters for the pure polymers are
reasonable. The calculated phase diagram of PS/PVME blends is also compara-
ble to the experimental one with the use of an adjustable parameter z.

As a typical example of coarse-grained modeling for multiphase polymer sys-
tems, the phase separation dynamics of immiscible polymer blends in the pres-
ence of block copolymers as a compatibilizer is investigated via MC simulations.
The block copolymers used for simulation are composed of chemically different
blocks (C and D) from homopolymers (A and B). For comparison, the phase
separation dynamics of A/B binary mixture is also investigated. For A/B binary
blends, the typical behavior of spinodal decomposition is observed in simula-
tions, and three stages of spinodal decomposition, i.e., early, intermediate, and
late stages are clearly identified. In the late stage, the binary system obeys the dy-
namical scaling law, which is consistent with the experimental results.

For A/B/C-b-D ternary blends, it is generally found that the block copolymer
can significantly suppress the growth rate of phase-separated structure, due to
the reduction of interfacial tension. In particular, even a repulsive block copoly-
mer can considerably retard the phase separation process if the interaction en-
ergies in the system satisfy a proper condition. However, such a retardation ef-
fect by a block copolymer is highly dependent on the molecular structure of
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block copolymer, such as its chain length and composition. The attractive and
repulsive block copolymers show different behaviors in phase separation. For
example, an attractive block copolymer with asymmetric composition (f = 0.7)
shows a better retardation effect on phase separation of A/B (75/25) blend than
the symmetric one (f = 0.5), whereas a repulsive block copolymer with the asym-
metric composition does not show a favorable retardation effect as compared
with the symmetric one. As the case of A/B binary blend, the dynamical scaling
law was applied to ternary blends containing both attractive and repulsive block
copolymers in the late stage of phase separation. It is observed that the scaled
structure factors obtained from all blend systems are universal with time, irre-
spective of the chain length and composition of block copolymer, and its inter-
action type with homopolymers. In other words, there exists self-similarity be-
tween the structures developed at different time scales in different systems, im-
plying that the addition of block copolymer to immiscible blends does not affect
the growth mechanism of phase-separated structures.

As an example of atomistic-continuum modeling for multiphase polymer sys-
tems, elastic constant of semicrystalline PTT is calculated and compared with its
analytical solution. As the energy minimization proceeds, perfect agreement be-
tween simulated strain energy and its exact solution is observed. The system for
semicrystalline PTT consists of a matrix (amorphous phase), described as a con-
tinuum, and an spherical inclusion (crystalline phase) represented in atomistic
detail. The crystallinity of PTT can be controlled by varying the volume fraction
of an inclusion. The Young’s modulus of semicrystalline PTT increases with
crystallinity, as expected. The system studied is thought to be smaller than the
RVE size. However, it is straightforward to simulate the system including several
spheres in the atomistic-continuum model, although it needs considerable com-
puting time.
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In order to obtain a measurable fracture toughness, a joint between two immiscible poly-
mer glasses must be able to transfer mechanical stress across the interface. This stress
transfer capability is very weak for narrow interfaces and a significant reinforcement can be
achieved, either by the use of connecting chains (block copolymers), or by a broadening of
the interface (random copolymers). In both cases, the stress is transferred by entangle-
ments between polymer chains. The molecular criteria for efficient stress transfer, by con-
necting chains and by broad interfaces, are reviewed here with a special emphasis on the
role of the molecular architecture (diblock, triblock or random copolymers) and molecular
weight of the chains present at the interface. Recent theoretical developments in the rela-
tionship between macroscopic fracture toughness and interfacial stress transfer are also
discussed, and the essential role of bulk plastic deformation properties of the polymers on
either side of the interface are specifically addressed.

 

Keywords.

 

 Fracture, Polymer interfaces, Adhesion, Crazing

 

1 Introduction

 

 .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  . 56

 

2 Experimental Methods

 

 .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  . 60

2.1 Synthetic Methods and Interface Formation .  .  .  .  .  .  .  .  .  .  .  .  .  . 61
2.2 Surface Analysis and Characterization  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  . 63
2.3 Mechanical Testing of the Interface and Fracture Mechanics.  .  .  .  . 64

 

3 Simple Connecting Chains Between Glassy Polymers

 

  .  .  .  .  .  .  .  . 68

3.1 Main Experimental Results .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  . 69
3.2 Fracture Mechanisms: Chain Pullout  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  . 72
3.3 Fracture Mechanisms: the Transition from Simple Chain Pullout to 

Failure by Crazing  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  . 77
3.4 Fracture Mechanisms: the Transition from Simple Chain Scission 

to Failure by Crazing   .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  . 79
3.5 Fracture Mechanisms: Craze Growth and Stability   .  .  .  .  .  .  .  .  .  . 83
3.6 Effect of the Homopolymer.  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  . 92
3.7 Velocity Dependence   .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  . 100

 

Advances in Polymer Science, Vol. 156
© Springer-Verlag Berlin Heidelberg 2001



 

54 Costantino Creton, Edward J. Kramer, Hugh R. Brown, Chung-Yuen Hui

 

3.8 Effect of an Elastomeric Midblock Within the Connecting Chains   101

 

4 Optimum Toughening of the Interface: the Limits of

 

 

 

G

 

c

 

  .  .  .  .  .  .  103

4.1 Diblock Copolymers .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  105
4.2 A-B-A Triblock Copolymers   .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  108

 

5 Interfaces Between Polymers, Coupling by Random Copolymers

 

 .  111

5.1 Interfaces Between Homopolymers  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  111
5.2 Random Copolymers at Interfaces Between Homopolymers .  .  .  .  115

 

6 Reactive Systems

 

 .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  121

6.1 Reactive Polymers with Multiple Functional Groups   .  .  .  .  .  .  .  .  124
6.2 Interfaces Between Semicrystalline Polymers   .  .  .  .  .  .  .  .  .  .  .  .  125

 

7 Conclusions

 

.  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  129

 

References

 

 .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  133

 

Abbreviations

 

a

 

crack length
crack velocity

 

a

 

I

 

interface width between two polymers

 

b

 

statistical segment length

 

C

 

22

 

,

 

 C

 

66

 

longitudinal modulus (along main fibrils), shear modulus of a
craze

 

d

 

distance between main craze fibrils

 

d

 

e

 

rms end-to-end distance between entanglements

 

E

 

i

 

Young’s modulus of polymer i

 

f

 

force on a connector chain at interface

 

f

 

mole fraction of a mer in a random copolymer

 

f

 

b

 

force to break a single C–C bond in the polymer backbone

 

f

 

mono

 

friction force per monomer on a connector chain being pulled out

 

D

 

G free energy of mixing of two polymers

 

G

 

strain energy release rate of crack at interface

 

G

 

c

 

critical strain energy release rate or fracture toughness of interface

 

G

 

c
*

 

 standard fracture toughness corresponding to the standard crack
tip opening displacement

 

h

 

width of the craze normal to the interface at crack tip

 

h

 

i

 

thickness of beam i of ADCB sample
k

 

B

 

Boltzmann’s constant

 

K

 

complex stress intensity factor

 

K

 

1

 

real part of complex stress intensity factor (controls normal stress)

ȧ
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1

 

Introduction

 

The adhesion between different polymers as well as between polymers and non-
polymers is important for a wide range of applications. Most adhesives are pol-
ymeric in character. In two-phase polymer alloys, such as the rubber-toughened
polymers in widespread use as engineering thermoplastics, adhesion at the
phase boundaries is an important issue. In electronics the increasing use of pol-
ymers as dielectrics in multilayer structures means that adhesion at the interfac-
es thus created is of strong concern, especially because such interfaces must of-
ten survive accelerated testing involving thermal and humidity cycling to ensure
their reliability. In the rubber industry the adhesion of different layers of rubber
during building of tires and of rubber to tire cord is important. However, strong
adhesion is not always desired and, in fact, non-stick coatings are usually also
made of polymers.

In all of these applications, adhesion is caused by molecular interactions at
the interface. Generally, these interactions cannot be probed directly since the
formation of the interface is not a reversible process in the thermodynamic
sense. Adhesion is therefore evaluated quantitatively with a destructive test of
the interface. Ideally, one would like to be able to relate this measured adhesion
to the underlying chemistry and physics of the interface itself. This fundamental
approach, while it has been confined, for the most part, to interfaces between
model polymers, has increasingly shed light on the molecular requirements for
adhesion. At the same time, rapid advances in understanding of the microme-
chanics of cracking at interfaces between dissimilar materials has paved the way
for theoretical approaches and simulation techniques that can bridge from the
macroscopic descriptions of continuum solid mechanics to molecular lengths
scales at the crack tip. Finally, the microstructural aspects of non-elastic defor-
mation at the crack tip in polymers have gradually become clear, especially for
glassy polymers, through the use of transmission electron microscopy and X-ray
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scattering techniques. These developments have laid the groundwork for the ex-
periments and theory we will describe in this review.

Since we will focus below primarily on adhesion at interfaces between two im-
miscible polymers, it is appropriate to describe briefly what is known about such
interfaces. The Gibbs free energy of mixing (per segment) of any two homopol-
ymers A and B is given approximately by the Flory-Huggins expression:

(1)

where

 

 N

 

A

 

 and

 

 N

 

B

 

 are the degree of polymerization of polymers A and B, j is the
volume fraction of polymer A segments and c is the Flory segment-segment in-
teraction parameter. Since c between any two polymers chosen at random is
usually positive, Eq. (1) implies a strong immiscibility at typical polymer
lengths NA ª NB = N ~ 1000. In the limit cN >> 1, the segment volume fraction
profile along a coordinate z normal to the interface is given by [1]:

(2)

where aI is an interface width given by:

(3)

and where b is an appropriately averaged statistical segment length of the two
polymers. Figure 1 shows the segment volume fraction profile calculated for a
pair of immiscible polymers, polystyrene (PS) and poly(2-vinylpyridine) (PVP),
that will be one of the model interfaces discussed in detail below. Note that the
interface in this case is less than 2 nm wide.

The very small widths of such interfaces lead to little penetration of A chains
into B chains, and vice versa, and thus very few entanglements are made across
the interface. This lack of entanglement across the interface is thought to be re-
sponsible for the very low adhesion, as represented by the fracture energy Gc of
such interfaces. For example, the Gc of the PS/PVP interface is about 1.5 J/m2

whereas the Gc of the PS homopolymer is ~500–1000 J/m2. Significantly, a poly-
mer pair with a smaller positive value of c, PS/poly(methylmethacrylate) (PM-
MA) which has a c~0.03 and thus a value of aI~3.2 nm, has a considerably larg-
er Gc~10 J/m2.

Thus, increasing the adhesion of such interfaces generally requires us to re-
place the entanglement network strands (or crosslinked strands in a crosslinked
polymer) that would naturally span the plane of the interface if the same poly-
mer were on both sides with some sort of molecular connections. These can be
produced by block copolymers that reside at the interface and entangle with the
polymers on either side, or can be produced by chemical reaction at the inter-
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face. For smooth polymer/nonpolymer interfaces where no polymer penetra-
tion into the nonpolymer side is possible, the formation of chemical bonds due
to specific interactions of an acid-base or hydrogen-bonding nature between the
polymer and the nonpolymer may be required in the absence of covalent bond-
ing across the interface. As we will show below, however, the details of molecular
connection at the interface are only part of the story. The non-elastic deforma-
tion of the polymer on at least one side of the interface is important for achieving
substantial adhesion, as is an understanding of the mechanics of fracture of
these interfaces.

The adhesion between immiscible, glassy polymers has only been investigat-
ed quantitatively relatively recently. One of the recurring problems has been to
find a testing method that would give results that are characteristic of the inter-
face and not of the experimental geometry. Recent progress in describing the
micromechanics of interfaces between materials with different elastic constants
and a better understanding of the plastic deformation and failure mechanisms
of polymer glasses have fostered the development of new theoretical models of
the adhesion between polymer glasses as well as stimulated improved experi-
ments to measure this adhesion.

The important parameter obtained from an adhesion experiment is the criti-
cal energy release rate, Gc, which is the energy necessary to grow a crack by a unit

1.0

0.8

0.6

0.4

0.2

0.0

vo
lu

m
e 

fr
ac

tio
n 

( φ
)

-3 -2 -1 0 1 2 3

z (nm)

aI

Fig. 1. Theoretical volume fraction vs. distance profile across an interface between PS and
PVP polymers. A value of c = 0.12 appropriate to a temperature of 160 °C [105] has been
used to predict an interface width aI of 1.6 nm from Eq. (3). This profile is consistent with
neutron reflectivity measurements of PS/PVP interface segment density profiles if the ap-
parent broadening of the interface by capillary waves is taken into account [106]
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area. In glassy polymers, most of the energy necessary to propagate the crack is
due to the plastic deformation near the crack tip. If this plastic deformation is to
produce a reasonably large Gc, it must involve a certain volume in one, or rarely
both, of the homopolymers bordering the interface. Although this volume of
plastically deformed polymer is much smaller than the characteristic dimen-
sions of the sample, therefore allowing linear elastic fracture mechanics to be
used, it is much larger than the width of the zone of polymer mixing that defines
the position of the interface, cf. Fig. 1. The magnitude of the plastic strain within
this interfacial mixing zone rarely contributes significantly to Gc, rather the
structure of the interface zone matters in permitting enough stress to be trans-
ferred across the interface to permit the growth of a large plastic zone, often a
craze, on one side of the interface. The stress at which this zone can grow in the
bulk polymer away from the interface will be of equal importance to the stress
transfer across the interface itself; a low stress for such growth will ensure that
the zone will involve a large volume of bulk polymer and thus produce a larger
Gc for the same stress transfer across the interface.

Nevertheless, while the macroscopic measurable quantity is the fracture en-
ergy Gc, the actual failure of the interface eventually requires a molecular event
such as chain pullout or chain scission within, or adjacent to, the plastic zone.
This molecular event could be considered as being triggered by a critical force
on the connector. The strategy for achieving optimum interface reinforcement
may thus be formulated as follows: Provide the highest possible areal density of
molecular connectors with a large critical failure force so that a large stress on
the interface can develop in, or adjacent to, the plastic zone, thus permitting the
plastic zone to grow as large as possible before the interface fails.

Typically the connector chains are di- or tri-block copolymers, random co-
polymers, or reactive chains which can graft at the interface. In practice these
connector molecules must satisfy three requirements to be effective: (1) there
must be a thermodynamic driving force for their segregation to, or reaction
across, the interface between the two phases of the blend, (2) the kinetics of this
segregation or reaction must be such as to ensure that a relatively high areal den-
sity of these connectors can form at the interface and (3) they must be mechan-
ically effective in reinforcing that interface. While the first two of these condi-
tions are controlled by thermodynamics and kinetics, respectively, the latter is
related to the mechanical properties of the interfaces. Although the different
connectors may seem quite different, their effect at the interface can be reduced
to a general problem: the transmission of force through an entangled chain.

The examples shown in Fig. 2 are illustrations of various aspects of the prob-
lem: in the block copolymer case, shown in Fig. 2a, one of the two sides is typi-
cally weaker than the other so the problem can be reduced to the study of the
weak side. If the connecting chains are grafted to a non-polymeric substrate or
to a crosslinked network on one side, as shown in Fig. 2b, then the problem is
more naturally defined. In the case of triblock copolymers, the two sides of the
interface are inherently asymmetric through the different architecture of the
chain but the reinforcement effect can be treated with the same formalism by de-
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fining a connector as a polymer strand crossing the plane of the interface; in that
case each triblock copolymer chain contributes two connectors, as shown in
Fig. 2c. In the case of random copolymers and grafted chains with multiple
grafting points, the number of connectors can be much larger than the number
of chains at the interface and the stress is transmitted by loops, as illustrated in
Fig. 2d and 2e. Eventually the problem comes down to understanding what is the
maximum number of connectors that one can have at the interface per unit area,
and how effective these connectors are at transmitting the stress.

2
Experimental Methods

The recent progress in the understanding of the mechanisms controlling poly-
mer-polymer adhesion, which are reviewed in this article, have become possible
through the development of a certain number of experimental techniques and
these can be divided in three categories:
– Synthesis of well-defined connector molecules that permit molecular design

of the interface (Sect. 2.1).

c
b

d

a

e

Fig. 2. Schematic of connecting chains at an interface. a diblock copolymers, b end-grafted
chains, c triblock copolymers, d multiply grafted chain, and e random copolymer
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– Molecular, surface and near surface analysis techniques combined with TEM
observation (Sect. 2.2).

– A reliable mechanical test measuring the fracture toughness Gc of the inter-
face (Sect. 2.3).

In order to understand the mechanisms that are responsible for the mechanical
reinforcement of an interface by connector molecules and the main parameters
controlling them, one must be able to work with well-characterized polymers
and, ideally, a suitable technique for labeling these connector molecules must be
developed to enable the fracture surfaces to be analyzed.

2.1
Synthetic Methods and Interface Formation

Diblock and triblock copolymers are usually synthesized anionically, which in-
herently limits the possible blocks and homopolymers. However, the anionic
route gives very good control over molecular weight, molecular architecture and
polydispersity and is ideally suited for a systematic study of the effect of connec-
tor molecules. Furthermore, the problems frequently encountered during the
anionic synthesis have been ironed out for many common polymers and the
synthesis, although tedious, can be considered a routine procedure.

Random copolymers can be produced through the much simpler free-radical
route which, however, does not allow precise control over the molecular weight
and yields a polydisperse polymer. It has been reported recently, however, that
nearly monodisperse polymers can be obtained by controlled free-radical po-
lymerizations [2–5].

One potential problem with conventional free-radical copolymerization is
that the reactivity ratios of the two monomers tend to be different from one an-
other [6]. On one hand this leads to non-random sequences of the monomers on
a single chain (usually the product of the reactivity ratios is less than one so that
there is a tendency to form alternating sequences) and, on the other, to substan-
tial composition drift if the polymerization is carried out in bulk to high conver-
sions. Random copolymers with a range of compositions as a result of composi-
tion drift may however be useful in practice, allowing a compositionally graded
interface to be formed.

Reactive chains can be obtained by anionic polymerization, followed by at-
tachment of a reactive end-group. This route yields nearly monodisperse poly-
mers with functional groups at their ends, polymers that are very well suited for
systematic studies. The synthesis can be quite elaborate, and, for longer chains,
the completeness of the end-functionalization is difficult to verify. If the mono-
dispersity and the control of the molecular weight of the polymer are not crucial
or not possible, more common techniques can be used. They involve either the
free-radical synthesis of a polymer incorporating a small fraction of reactive
comonomers that will then be distributed along the chain, or the random func-
tionalization of the polymer in the melt (using a free-radical initiator) after the
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polymerization. A common example of the former technique is the synthesis of
styrene-maleic anhydride copolymer, while the second technique is typically
used for the functionalization of polyolefins. Polymers produced by step-growth
polymerization, e.g. polyamides, often have suitable end-groups for reaction at
an interface if they are not end-capped.

For all these specialty polymers, deuterium can be used as a label on one or
the other monomer. Deuterium labeling allows the use of techniques based on
ion detection such as forward recoil spectrometry (FRES), nuclear reaction
analysis (NRA) or secondary ion mass spectrometry (SIMS). If a high-resolution
depth profile of the interfacial region is needed, neutron reflectivity can also be
used. The main drawback of that approach is the cost of the deuterated poly-
mers; while deuterated styrene and methyl methacrylate are expensive but com-
mercially available, other monomers need to be synthesized and the cost can be
quite prohibitive.

An important problem when testing polymer interfaces is obtaining a molec-
ular structure at the interface that closely matches what would be expected in a
realistic blend, or at least a well-controlled organization that can be predicted
by the tools of thermodynamics. There are two main classes of methods: The
first allows the chains to organize themselves locally at the interface to achieve
a metastable equilibrium. Such processes can include chemical reactions near
the interface but no long-range diffusion. This method was used for all the tests
with block copolymers at the interface and rests on the assumption that, even if
the whole specimen has not come to a true global thermodynamic equilibrium,
the interfacial structure has at least organized itself to achieve a local equilibri-
um, the structure of which can be predicted using self-consistent mean-field
theory.

For this type of test, the two homopolymers are typically compression mold-
ed into 1–2 mm thick sheets. A solution of the block copolymer is then spun-cast
on one of the two polymers. The solvent and the homopolymer substrate to re-
ceive the block copolymer must be chosen so that the surface of the homopoly-
mer substrate is not dissolved during the spin-casting operation. After a drying
step, the two slabs are welded with the block copolymer in between to form an
interface. The welding temperature is chosen to be above the respective glass
transitions of the two homopolymers and the two slabs are held under a moder-
ate pressure for a time sufficient to allow the local organization of the block co-
polymer at the interface to reach a metastable equilibrium.

A second, seemingly less artificial, method would be to add a certain amount
of block copolymer to one of the homopolymers and let it diffuse to the inter-
face. This method has not been used to prepare fracture samples with deuteri-
um-labeled block copolymers for several practical reasons: Dissolving 5% of co-
polymer in a sheet of 50¥100¥2 mm dimensions requires 500 mg of deuterated
polymer while a similar interface can be obtained by spin-casting with approxi-
mately 5 mg. The time involved to achieve true diffusional equilibrium over mil-
limeter-scale thicknesses is prohibitively long at typical welding temperatures
and the presence of a background concentration of deuterium-labeled polymer
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in one of the polymer phases can potentially interfere with the measurement of
the areal chain density of the copolymer directly at the interface.

2.2
Surface Analysis and Characterization

Finally, the last essential experimental tool for the molecular understanding of
adhesion is the ability to measure the areal density of connector chains actually
present at the interface during the mechanical test. This measurement is done
typically on the fracture surfaces after the fracture has occurred and requires
reasonably planar interfaces for the use of quantitative surface analysis tech-
niques. If at least parts of the connector molecules are deuterated, ion beam
techniques, when available, are the most useful and the most quantitative [7].
Forward recoil spectrometry (FRES), also called elastic recoil detection, has the
advantage of being very quantitative for the detection of deuterium [7, 8]. It has
a depth resolution of 800 Å and a range of approximately 1 µm. Alternatively, nu-
clear reaction analysis (NRA) [9–11] and time-of-flight FRES [12] can be used
and give an improved resolution at the expense of time necessary for achieving
acceptable statistics, since both these higher resolution techniques have a lower
sensitivity than FRES. A low-energy FRES technique [13] can also be used to
achieve better depth resolution than the standard version with excellent sensi-
tivity; however, this method suffers from a decreased range of profiling and in-
creased susceptibility to artifacts due to surface roughness. Under normal cir-
cumstances one does not require better depth resolution than FRES since the to-
tal integral excess of the deuterated component at the interface can be analyzed
to yield its areal chain density. Thus FRES is normally the technique of choice
for deuterium-labeled polymers. Dynamic secondary ion mass spectrometry
(SIMS) is more difficult to make quantitative than FRES but has a significantly
better depth resolution (~100 Å) and can be used to depth profile elements other
than deuterium (such as oxygen or nitrogen) [14]. With any of the ion beam
techniques care must be taken to avoid artifacts due to radiation damage [15].
Radiation damage can result in loss of monomers [e.g. in poly(methyl methacr-
ylate], depolymerization occurs and the monomer diffuses out of the sample).
Cooling the sample to liquid nitrogen temperatures using a cold stage is effective
in preventing loss of labeled polymer. Diffusion and evaporation of monomer-
sized fragments at these temperatures is so slow that, even though the radiation
damage occurs, the nuclei remain at the depth they started and the depth profile
is unaffected. Limiting the ion dose on any area of the sample by frequently mov-
ing the ion beam spot is also effective. Using these two methods, ion beam anal-
ysis can be used to determine depth profiles of deuterium-labeled components
near the fractured interface of any polymer pair.

Clearly, deuterated molecules are expensive and not always a viable option for
economic reasons. X-ray photoelectron spectroscopy (XPS) can be an alterna-
tive when a heavier atom such as nitrogen or oxygen is present on the connector
chains (but not on the polymer on at least one side of the interface). XPS has a
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sensitivity that decreases exponentially with depth and thus a rather limited
maximum depth (~50–100 Å in most polymers). For this reason, quantitative
analysis to determine the areal chain density with XPS requires a very careful
preparation of the samples so that the detected element on the connector chains
is never far from the interface, as well as special precautions to avoid contami-
nation of the fracture surface with the element being detected. For example, us-
ing oxygen as the “tag” element will be very difficult if a polymer on either side
of the interface is liable to surface oxidation in air. Nevertheless, XPS has been
used very successfully to investigate the chemical grafting of nylon 6 chains to
maleated polypropylene [16].

If measurement of the areal density of connector molecules after fracture of
the interface is not possible, it is possible to evaluate the areal density if the in-
terfacial agent is deposited at the interface as a spin-coated thin film and no sub-
stantial diffusion away from the interface into the bulk materials is expected. In
this case, a measurement by ellipsometry of the thickness of the film (spun using
the same conditions) on a silicon substrate can be used to determine directly the
nominal areal density of connector chains at the interface. In cases where the
connectors can diffuse away from the interface during the annealing stage, how-
ever, this method will not give reliable results.

2.3
Mechanical Testing of the Interface and Fracture Mechanics

A reliable mechanical test to measure the adhesion of the interface is required.
The standard method to quantify adhesion is to drive a crack at the interface be-
tween the two bulk materials and measure the critical energy release rate, Gc, to
propagate such a crack. The implicit assumption made in most measurements of
Gc is that the external work is dissipated in the plastic deformation of a small vol-
ume close to the crack tip.

A quantitative approach to the reinforcement of interfaces with block copol-
ymers is necessary. Such an approach requires a way to evaluate the strength of
the interface separately from any change in the morphology or microstructure
of the blend. While classic fracture mechanics tests such as compact tension and
double torsion could be used, the asymmetric double cantilever beam (ADCB)
test used in the first such study [17] has been adopted by all successive workers
to date. In this experimental geometry, shown schematically in Fig. 3, a wedge
(usually a razor blade) is inserted at the interface. In some versions of the test the

Fig. 3. Schematic of the asymmetric double cantilever beam geometry used for fracture
toughness measurements
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blade is pushed at a constant velocity while in others the crack is examined for a
long time after the insertion. The length of the crack ahead of the tip of the
wedge can be observed optically as long as one of the two homopolymer beams
is reasonably transparent. The length of the crack is then directly related to the
fracture toughness Gc provided that both the geometric parameters of the test
and the elastic constants of the materials are known.

The mechanics of fracture along bimaterial interfaces have been studied ex-
tensively. Excellent reviews have been published [18]. The stress and deforma-
tion field near the tip of a crack lying along a bimaterial interface can be unique-
ly characterized by means of the complex stress intensity factor K = K1 + iK2. K1
and K2 have the dimension (Pa m1/2–ie) and are functions of the sample geome-
try, applied loading and material properties.  is the imaginary number
and e is a dimensionless material constant defined below.

 In experiments, it is easier to measure the energy release rate G which is re-
lated to K by:

G = C |K |2/[16cosh2(pe)] (4)

where e = (1/2p)ln[(k1/µ1 + 1/µ2)/(k2/µ2 + 1/µ1)],  C = (k1 + 1)/µ1 + (k2 + 1)/µ2,
and ΩΩ denotes the absolute value of a complex number ki ∫ 3 – 4ni for plane
strain and (3 – ni)/(1 + ni) for plane stress, where ni and µi are Poisson’s ratio and
the shear modulus of material i, respectively. For example, for the PVP/PS sys-
tem, where the Young’s moduli and Poisson’s ratios are: E2 = EPS = 3GPa, n2 =
nPS = 0.341, E1 = EPVP = 3.5GPa, n1 = nPVP = 0.325, e is found to be –2.8¥10–3. It
should be noted that, for most polymer/polymer systems, e is very small and can
be set equal to 0. Note that, for the special case of a homogeneous material, e =
0, K1 and K2 become the classical tensile and shear stress intensity factors KI and
KII. In this case, the phase angle y is often referred to as the mode mixity at the
crack tip, i.e.:

y = tan–1(KII/KI) (5)

For the purposes of this review we will henceforth assume that e = 0 for all in-
terfaces between glassy polymers, so that simplification of Eq. (5) can be used.

In a homogeneous material, y > 0 implies that the crack has a tendency to
propagate into the material below the crack line, whereas if y < 0, the crack has
a tendency to be deflected into the material above the crack line [19]. For bima-
terial cases, the direction of crack deflection depends on the details of the failure
and deformation mechanisms of the interface and those of the bulk materials
above and below the interface as well as on the phase angle. However, y can of-
ten be used as a guide to roughly predict the crack propagation direction.

Since G is a real number, it alone cannot fully characterize the crack tip field.
In order to specify K, which has two real components, the phase angle y defined
by Eq. (5) is also required. Using this definition, a point in the (G, y) plane is
uniquely related to a point in the (KI, KII) plane. Following the concept of “failure
locus” introduced by Rice [20] for a given phase angle y, the interface crack will

i = –1
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start to propagate when the applied G reaches a critical value Gc (y) which is as-
sumed to be a material constant. This Gc (y) is defined as the interface fracture
toughness. Since Gc depends on y, the interface fracture toughness is a curve in
the (Gc, y) plane.

The development of a test specimen for measuring interface fracture tough-
ness involves finding analytical or numerical solutions for G and y. G and y for
the ADCB specimen were computed using a boundary element method which
was reported in [21]. These numerical solutions showed that the approximate
energy release rate, G, given by Creton et al. [22] is a good approximation. This
value of G was obtained from the beam on an elastic foundation model proposed
by Kanninen [23]:

(6)

where  and  
Figure 4 provides the G and y curves for the special case of E1 = 2E2. All G curves
are approximately independent of the aspect ratio h2/h1. However, the phase an-
gle y, which represents the shear/tensile mode mixity ahead of the crack tip, is
positive for h1 = h2 and becomes negative as h2 becomes larger than h1. This
gives an easy practical way to control y experimentally. Note also that the phase
angle y is practically independent of a/h1 if h2 £ 2h1 and a/h1 ≥ 3. For a thickness
ratio h2/h1 > 2, the phase angle is approximately a constant for a/h1 ≥ 5.

As pointed out in the preceding paragraphs, the first important problem to be
addressed when using the DCB test on a new experimental system is to evaluate
the phase angle y of the propagating crack. Early experiments by Brown showed
that very different Gc results were obtained for the same interfacial molecular
structure if the relative stiffness of the two beams composing the DCB sample
were modified [24]. This effect is now understood as due to a strong dependence
of Gc on the phase angle y of the propagating crack. Crazes were nucleated from
defects in the interface ahead of the crack tip at an angle of 45° and grew into the
polymer phase with the smallest crazing stress for positive values of the phase
angle y. (Positive values of y correspond to a tendency for the crack to want to
propagate into the less craze-resistant polymer phase.) These crazes grew wider
as the crack approached and caused energy dissipation that resulted in a large
increase in Gc over its value if the phase angle was negative. Over the range of
phase angles from 0–10°, Gc was both a minimum and independent of the phase
angle. In what follows we take values of Gc measured under these conditions of
negative y as the true measure of interfacial adhesion.

The phase angle of the propagating crack can be altered by changing the stiff-
ness of the two beams (which are typically the two homopolymers) either by
changing the elastic parameters of one of the two beams (usually not practical)
or by changing the ratio of the thicknesses of the two beams (the usual method).
Although the phase angle y of the propagating crack can be calculated using the
method of Xiao et al. [21] for a given geometry and elastic constants of the
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beams, the effect of a change in phase angle on Gc cannot be simply predicted
[25–27]. A way to avoid measuring the elastic properties and calculating the
phase angle precisely is to measure Gc for a variety of relative thickness ratios for
a series of interfaces with an identical interfacial structure, and to use then the
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ratio of thicknesses which gives the minimum value of Gc within a range of thick-
ness ratios where y should be small but negative.

As a complement to the macroscopic mechanical test, Washiyama et al. [28]
have developed a micromechanical test of the interface in a thin film that allows
the deformation ahead of the crack tip to be observed directly using transmis-
sion electron microscopy (TEM). In this method, a DCB sample is microtomed
edge on to produce a thin film (about 500 nm thick) that contains a single inter-
face. That film is then deposited and bonded onto a copper grid using the meth-
od of Lauterwasser and Kramer [29] and subsequently strained, in such a way
that the strain direction is perpendicular to the interface. The deformed film is
then observed by TEM and Gc can be determined by measuring directly the
thickness of the craze at the crack tip if the crazing stress is known. Although the
results obtained with this method have to be treated with some caution, since it
is not possible to control y always to be small and negative so as to match the
conditions used for the DCB sample, they provide nevertheless valuable insights
in the microscopic deformation and failure mechanisms that occur ahead of the
crack near the interface.

To circumvent the limitations described above, Plummer et al. have used a
different method, suitable for observation of plastic zones in bulk samples [30].
They embedded a DCB sample in a low viscosity epoxy resin with the razor blade
in place. The crack tip was therefore maintained under stress while the resin was
left to cure at room temperature. The sample was then trimmed for thin section-
ing, stained by immersion in a RuO4 solution, and microtomed in thin sections
in the region of the plastic zone for observation by TEM. While this method gave
particularly good results on ductile semicrystalline systems where a deformed
thin film would not have been representative of the plastic deformation mecha-
nisms taking place in bulk samples, it should in principle be applicable fairly
generally.

3
Simple Connecting Chains Between Glassy Polymers

As pointed out in Sect. 1, the role of connector molecules in reinforcing interfac-
es between glassy polymers is to increase the maximum stress that can be sus-
tained by the interface before failure. If the stress becomes higher than a certain
critical level (which depends on the nature of the bulk polymers on either side
of the interface), mechanisms leading to plastic deformation on a scale much
larger than the molecular radius of gyration will be activated and the fracture
toughness of the interface will increase dramatically. The main questions are:
1. What controls the maximum stress that can be sustained by the interface?
2. What controls the critical stress above which large-scale plastic deformation

is observed?

These questions have been addressed mainly for the case where the connecting
chains are diblock copolymers or end-grafted chains. In this case, each chain
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produces one molecular connection across the interface. The areal chain density
of connectors is thus simply the areal chain density of molecules. We will illus-
trate the main features of the deformation and failure mechanisms with exam-
ples where the connectors are either diblock copolymers or end-grafted chains
and then extend these results to the cases where each chain can contribute more
than one molecular connection across the interface.

3.1
Main Experimental Results

Three homopolymer (diblock copolymer) phase boundary systems have been
studied extensively: the system of polystyrene (PS) and poly(2-vinylpyridine)
(PVP) reinforced with diblock copolymers of PS-PVP [22, 25, 28, 31–33], the sys-
tem of poly(methyl methacrylate) (PMMA) and PS reinforced with diblock co-
polymers of PMMA-PS [17, 24, 34, 35] and the system of PMMA and poly(phe-
nylene oxide) (PPO) reinforced by diblock copolymers of PMMA-PS [14, 36, 37].
Phase boundaries between PS and a crosslinked epoxy (XEp) were reinforced
with carboxy-terminated PS chains whose –COOH ends reacted with either ex-
cess amines or epoxy to form a grafted brush at the interface [38, 39]. In a similar
manner, interfaces between rubber-modified PS (HIPS) and XEp reinforced
with grafted PS-COOH chains have been investigated [40].

Primary goals of these studies were to determine how the fracture toughness
Gc of the interface between two immiscible glassy polymers depends on the areal
density of connectors present at the interface and on the polymerization indices
of each block of the diblock copolymer or of the end-functionalized chain. For
that purpose, a series of diblock copolymers were synthesized by anionic po-
lymerization to produce blocks with controlled polymerization indices where
one block was usually labeled with deuterium. The grafted chains were pro-
duced in various lengths by anionic polymerization of deuterated styrene before
reacting the macroanion with CO2 to produce the –COOH end. One of the ad-
vantages of using these particular pairs of glassy polymers is that at least one of
the homopolymers deforms plastically before the other by forming a stable
craze ahead of the crack tip. Crazing is a relatively well-understood crack tip de-
formation mechanism and this understanding is very helpful in interpreting the
fracture toughness of the reinforced interfaces.

Another advantage of most of these pairs is that the two polymers on either
side of the interface have very similar thermal expansion coefficients in the
glassy state. The similarity in thermal expansion coefficient means that only rel-
atively small thermal residual stresses will exist after molding so that correc-
tions to the strain energy release rate for these stresses [41] are not necessary.

The effectiveness of each diblock copolymer as a reinforcing agent for the in-
terface was investigated in detail by varying the areal chain density S of copoly-
mer deposited at the interface (as described in Sect. 2). A series of long symmet-
ric PS-PMMA diblock copolymers (with NPS varying between 420 and 2700) be-
tween PPO and PMMA were used to show that Gc depended just on S for long
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blocks [36]. To investigate the effect of reducing the length of one of the blocks,
a series of dPS-PVP copolymers was synthesized where the degree of polymeri-
zation, NdPS, of the dPS block was kept above 400 and that of the PVP, NPVP, was
varied from 49 to 870 [22, 31, 32]. To probe the effect of the dPS “block” length
where the homopolymer was PS, end-functional dPS-COOH chains of various
lengths N were grafted to the epoxy [38]. Three general mechanisms of interface
failure were identified based on fracture toughness measurements and analysis
of the fracture surfaces.
1. For values of NPVP well below the average entanglement molecular weight of

the PVP (NePVP), Gc typically increased linearly, but very slowly, with S, as il-
lustrated in Fig. 5 for the 680-100 dPS-PVP copolymer [31]. (In all cases we
will use a shorthand notation to describe the diblock copolymers. A 680-
100 dPS-PVP copolymer is a diblock copolymer whose dPS block is 680 mers
long and whose PVP block is 100 mers long.) Only a modest increase in Gc was
observed from the bare interface value of 1.6 J/m2 as S increased but never-
theless the slope of the Gc vs. S line increased with increasing NPVP. The sur-
face analysis results showed that 100% of the dPS block remained on the PS
side, suggesting strongly that the PVP block was being pulled out from the
PVP side of the interface. Chain pullout was also observed, this time in the PS,
when a 150-140 dPS-PMMA copolymer was used between PS and PMMA.
FRES results showed that all the deuterium remained on the PMMA side after
fracture [34].

2. For slightly larger values of NPVP, the measured fracture toughness showed a
discontinuous increase at a given value of S, as illustrated in Fig. 6a for the
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580-220 dPS-PVP copolymer, suggesting that a transition occurs between two
different fracture mechanisms at that S [32]. The maximum value of Gc in-
creased to approximately 15 J/m2. The surface analysis results are presented
in Fig. 6b and show conclusively that, whereas at low S all of the dPS remains

20

15

10

5

0

G
c 

(J
/m

2 )

0.100.080.060.040.020.00

Σ (chains/nm2)

Σ†

crazingpullout

1.0

0.8

0.6

0.4

0.2

0.0

F
ra

ct
io

n 
of

 d
P

S
 o

n 
P

S
 s

ur
fa

ce

0.100.080.060.040.020.00

Σ (chains/nm2)

Fig. 6. a Gc as a function of S for a 580-220 PS-PVP diblock copolymer at the interface be-
tween PS and PVP. b Fraction of deuterium found on the PS interface after fracture as a
function of S. Data from [32]



72 Costantino Creton, Edward J. Kramer, Hugh R. Brown, Chung-Yuen Hui

on the PS side, after the discontinuous jump in Gc, a much larger fraction of
dPS is found on the PVP side, suggesting a different crack path and a change
in failure mechanism.

3. For still larger values of NPVP, or for long, grafted dPS chains, the Gc vs. S curve
exhibits an apparent discontinuity in slope at S ª 0.03 chains/nm2. Below this
value Gc increases very slowly with S but above this value the increase is much
more rapid. The values of the fracture toughness are now much higher and
can increase up to 100 J/m2, as illustrated in Fig. 7a for the 800-870 dPS-PVP
copolymer. The discontinuity in slope in the Gc vs. S curve was accompanied
by a change in the locus of fracture (see Fig. 7b) so that, whereas the dPS
block was found mostly, but not 100%, on the PS side at low S, implying chain
scission near the copolymer joint, most of it remained on the PVP side at high
S [22, 38]. This is due to the fact that, in this system, the weak point in the in-
terface in the crazing regime was that between the homopolymer and the
brush on the PS side.

One should note, however, that the discontinuity in the slope of the fracture
toughness vs. S is not always accompanied by this change in the locus of frac-
ture. When the connector chains on the crazing side of the interface are very long
relative to the average molecular weight between entanglements of the
homopolymer, the weakest point in the interface is no longer the homopoly-
mer/brush but the joint area. Experiments using long dPS-PMMA and PS-dPM-
MA diblock copolymers between PS and PMMA have shown that copolymer
scission typically occurs within just 33 repeat units from the copolymer joint in
the low S region [14]. Subsequent experiments on the same system have shown
that this result still holds even in the crazing regime [34, 36, 37].

The fracture toughness measurements, combined with the post-mortem sur-
face analysis of the fracture surfaces, allow us to develop some simple microme-
chanical models to account for these three situations.

3.2
Fracture Mechanisms: Chain Pullout

For very short chains, the surface analysis results point clearly at a pullout of the
shorter PVP block from the PVP homopolymer. For all block copolymers where
NPVP < NePVP, the FRES results showed that all the dPS was on the PS side after
fracture. Although the same result could have been obtained, in principle, if the
copolymer fractured exactly at the joint, in reality when fracture does occur near
the joint, a small amount of dPS is always found on the “wrong” side. Also the
results with PS-PMMA diblocks clearly demonstrate chain pullout for short
chains.

This simple mechanism of chain pullout at the interface can be better visual-
ized through a micromechanical pullout model [42] specifically developed for
polymer glasses. Similar pullout models have also been developed for elastomer
interfaces [43, 44].
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The chain pullout model developed by Xu et al. [42] is described schematical-
ly in Fig. 8. A chain, embedded in the polymer, is pulled at one end with a force
f which is larger than the critical value f* = Nfmono below which chain pullout
cannot occur; fmono is a monomer friction coefficient.
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Let d denote the length of the connector chain pulled out from the polymer by
a force f as shown in Fig. 8. When d = l, where l is the total connector chain
length, the chain is completely pulled out and the force f vanishes. Assuming that
the chains are pulled out normal to the interface so that the tangential compo-
nent of the pullout force is zero, then s, the traction stress component normal to
the planar interface, is related to the force f and S, the number of chains crossing
a unit area of the interface, by s = fS. s is related to the rate of chain pullout

 and the remaining chain length l – d by:

(7)

where b and  are material constants. In this model, when the normal traction
s on the interface is less than ,  and chain pullout can-
not occur. For such a model fmono can be considered to be a monomer static fric-
tion coefficient. Figure 9 shows a typical situation where this model can be ap-
plied to crack propagation.

The crack, semi-infinite in length, is assumed to propagate along the interface
of two linearly elastic half spaces with a steady state velocity of  under small-
scale yielding conditions, which implies that the region of pullout is small com-
pared with typical specimen dimension. The interfaces are reinforced by chains
which obey the pullout laws stated above. The steady state condition implies that
all quantities are independent of time with respect to an observer moving with
the crack tip.

Using this model, Xu et al. have demonstrated that for sufficiently slow crack
growth rate, i.e. , the fracture toughness  is given by:

Polymer

δ

f

Fig. 8. A chain, embedded in the polymer, is pulled at one end with a force f which is larger
than the critical value f* below which chain pullout cannot occur; d denotes the distance of
the chain end from the homopolymer matrix
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(8)

where E* ∫ E/(4(1 – n2)) and l = Nlo where lo is the length of a mer unit.
The main results of this micromechanical model in the quasi-static regime

 can be compared with experimental results. The measured fracture
toughnesses for the PS-PVP copolymers 625-49, 680-100 and 580-220 are shown
in Fig. 10. In each case, the fracture toughness increases linearly from that of the
bare PS/PVP interface while the slope of the line increases with the degree of po-
lymerization of the block being pulled out. If the data for the three copolymers
considered are replotted (see Fig. 11) as DGc vs. (NPVP)2S (where DGc = Gc(S) –
Gc(0), they fall on a single line consistent with a single value of the monomer fric-
tion coefficient. This value can be estimated by assuming that the only dissipa-
tive process is the viscous extraction of the PVP block where DGc =
fmono(NPVP)2S(lo/2) taking lo, the PVP monomer length, to be 0.23 nm. The slope
of Fig. 11 then yields a value of 2.5¥10–11 N/monomer for fmono. This value is,
however, an overestimate as it does not take into account any viscoelastic dissi-
pation near the interface. The most important point to emphasize, however, is
that the maximum value of DGc that can be obtained from this pullout mecha-
nism is very low, less than 5 J/m2. The reason is that the maximum displacement
of the pullout zone at the crack tip is only of the order of 40 nm, the length of an
unentangled connector chain.
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Fig. 9. A plane strain crack, semi-infinite in length, propagates along the interface of two
linearly identical elastic half spaces with a steady state velocity of  under small-scale yield-
ing conditions. The interface is reinforced by polymer chains. (x, y) is the cartesian coordi-
nate frame attached to the moving crack tip. The pullout zone is defined as the region di-
rectly ahead of the crack tip in which interface opening is greater than zero but less than the
critical value l, i.e. l > d (x, t) > 0.
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3.3
Fracture Mechanisms: the Transition from Simple Chain Pullout to Failure by Crazing

A better estimate of the static monomer friction coefficient can be obtained
from the transition from failure by simple chain pullout to failure by crazing. For
a given chain length, an increase in the areal density will result in a higher value
of the stress that can be sustained at the interface without pullout occurring. The
maximum stress that can be achieved will be determined either by the saturation
of the interface (i.e. any additional block copolymer chain will form micelles and
therefore not contribute to the load-bearing capacity of the interface), or by the
plastic yield of one of the bulk homopolymers, the one with the lower yield
stress. In the case of an interface between PS and PVP, both homopolymers de-
form plastically by crazing and have crazing stresses of 55 and 75 MPa, respec-
tively [22]. Therefore one would expect the propagating crack to be preceded by
a craze in the PS as soon as the load-bearing capacity of the interface exceeds
55 MPa. As shown in Fig. 6, such a change in fracture mechanism has indeed
been observed [32] for the 580-220 dPS-PVP block copolymer at a value of S =
0.04 chains/nm2 where Gc increases with a discontinuous jump from 5 J/m2 to
15 J/m2. Furthermore, the analysis of the fracture surfaces shows that all of the
dPS remains on the PS side for S < 0.04 chains/nm2 while most of it is found on
the PVP side for higher values of S. From the value of S at the transition, which
we designate S†, one can extract another estimate of fmono, provided that the
crazing stress is known [32].

This gives for the PS-PVP case:

(9)

Numerically, this estimate gives fmono = 6.3¥10–12 N/monomer. This result
should be compared with the estimate obtained with Eq. (8) which is four times
higher. The discrepancy between the two results is due to the viscoelastic dissi-
pation that was not taken into account in the energy calculation. Clearly, excess
dissipation takes place near the interface even in the straight pullout regime.

Thus, in principle, determining fmono from the pullout to crazing transition of
connector chains can be used as a method to obtain a reliable friction coefficient
in the glass. Unfortunately, in practice, the transition can only be observed in a
narrow range of molecular weights. For the case of PVP, the transition is not ob-
served for NPVP = 173, where only pullout occurs before the block copolymer be-
comes saturated at the interface, while for NPVP = 270, the chains break, i.e. chain
scission rather than pullout occurs at low S [22]. For grafted dPS-COOH chains
in pure PS, only pullout is observed for NdPS = 159 [38] while a similar transition
from chain pullout to crazing is observed for NdPS = 412 in a matrix of high-im-
pact PS (HIPS) [40].

For triblock copolymers with very short PVP end-blocks the situation is sim-
ilar, as fracture occurs at low S by straight pullout of the PVP block. Experimen-

        
f

N
mono

craze

PVP
PVP

PS=
s

S†



78 Costantino Creton, Edward J. Kramer, Hugh R. Brown, Chung-Yuen Hui

tally, one sees a sharp increase in Gc for S > 0.07 chains/nm2 accompanied by a
change in the locus of fracture, as illustrated by Fig. 12a and 12b. This is a signa-
ture for a transition from straight chain pullout to crazing. Using the static mon-
omer friction coefficient calculated for the diblock copolymers of 6¥10–12N/mon-
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Fig. 12. Transition from chain pullout to crazing for a 90-580-90 PVP-dPS-PVP triblock co-
polymer at the interface between PS and PVP. At S ~ S = 0.07 chains/nm2, Gc increases dis-
continuously from 8 to 25 J/m2. a Gc as a function of S and b fraction of dPS on the PS side
after fracture. Data from [46]
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omer, one can estimate a transition at S = 0.05 chains/nm2 if each triblock con-
tributes two connectors. However, the self-consistent mean-field simulation
(SCMF) of Dai et al. [45] has shown that for such short PVP blocks the triblock
can either be in a staple structure (contributing two connectors) or in a tail
structure (contributing one connector), as shown in Fig. 13. Therefore, the high
value for S* of the 90-570-90 triblock can be accounted for by a high proportion
(~60%) of the tail conformation at the interface.

3.4
Fracture Mechanisms: the Transition from Simple Chain Scission to Failure by Crazing

When N is further increased, the maximum force that is required to pull the
chain out of the glass, i.e. fmonoN, will be higher than the force required to break
a main-chain bond fb. In this case one expects the maximum stress that can be
sustained by the interface to be independent of N, and equal to fbS. As long as
this maximum stress remains lower than the crazing stress (or, more generally,
the yield stress) of both the homopolymers, the chains will break without much
plastic deformation, while when fbS > scraze, a craze will form and propagate at
the interface ahead of the crack, causing a sharp increase in the measured frac-
ture toughness. For a given system, fb and scraze are fixed so that the transition
should occur at the same value of S, defined as S*, provided that the connecting
chain is long enough to avoid pullout. This transition has been observed in a va-
riety of systems with connecting chains [22, 37, 38, 40] and, although the jump
in Gc is not always clearly seen, there is always at least a sharp increase in the
slope of the measured Gc vs. S plot.

As an illustration of this transition let us examine in more detail the case
where the connector chains are dPS-COOH-grafted to an epoxy network. At low
areal chain density and for 412 £ NdPS £ 1478, where NdPS is here the degree of
polymerization of the chains grafted to the epoxy, the measured fracture tough-

tailstaple

Fig. 13. Schematic of a triblock copolymer at the interface between PS and PVP showing the
staple or the tail structure contributing respectively two and one connector per chain
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ness is low and independent of NdPS. All points fall on a single line (as shown in
Fig. 14) and the surface analysis in that regime shows that the majority of dPS
remains on the PS surface indicating a mechanism of scission of the dPS chain.
When S is increased above a critical value of S* = 0.03 chains/nm2, Gc increases
sharply indicating the onset of plastic deformation. As illustrated by Fig. 14, the
transition from simple chain scission to crazing occurs at a unique value of the
areal density of connecting chains and is indeed independent of the molecular
weight of the connector. On the other hand, the value of Gc in the crazing regime
is strongly dependent on N and this dependence will be discussed in the next
section.

The value of S* can be used to find a chain scission force fb = scraze/S* if the
crazing stress scraze is known, using reasoning similar to that used for the tran-
sition from chain pullout to crazing considered in the previous section. This
fracture force should be characteristic of the fracture of a C–C bond and there-
fore not only independent of N, but also independent of the detailed molecular
structure of the polymer. This appears to be indeed the case and the results ob-
tained for several experimental systems [22, 37, 39, 40, 46] all yield a very similar
value of fb ~ 2¥10–9 N.

Using the experimental values of fmono and fb for the same polymer one can
extract a prediction for the critical value N* above which the chain is no longer
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pulled out but is fractured [32]. This critical degree of polymerization N* is giv-
en by:

N* = fb/fmono (10)

which gives numerically N*~350 monomers for PVP. This value is larger than
the NPVP value (270) above which chain scission is first observed [22], suggesting
that fmono may increase when N is larger than NePVP (255) [32]. The increase in
fmono may be due to the onset of entanglement coupling between the connector
chains and the homopolymer.

The same picture holds in principle for triblock copolymers at the interface.
At low and medium areal densities of chains (i.e. when no multilayer of copoly-
mer is formed at the interface), the results for Gc as a function of S which have
been obtained for 90-570-90, 290-460-290 and 580-1620-580 triblocks show
many similarities with the behavior of diblocks. The values of Gc and the surface
analysis results for the 580-1620-580 triblock are shown in Fig. 15a and 15b. Sim-
ilarly to the case of high molecular weight diblock copolymers, the strong in-
crease in Gc for S >0.015 chains/nm2, accompanied by a change in the locus of
fracture from the region of the PS/PVP interface to the region of the interface be-
tween the dPS block and the PS homopolymer, suggests a transition in fracture
mechanism from chain scission to crazing.

This value for the transition should be compared with S = 0.03 chains/nm2

obtained for the diblocks and is consistent with the hypothesis that the triblock
organizes itself in a hairpin configuration at the interface and each chain con-
tributes two effective crossings to the interface. If one defines Scross as the areal
density of strands crossing the interface, the results of the 580-1620-580 triblock
and those for the 800-870 diblock can be compared (see Fig. 16). In this case the
triblock behaves as two pseudo-diblock copolymers where the DP of the dPS
block of the pseudo-diblock is equal to half that of the dPS block of the triblock
and the DP of the PVP block of the pseudo-diblock is equal to that of the PVP
block of the triblock.

However, while in principle one triblock is equal to two diblocks each with
one half the molecular weight, for the purpose of transferring the stress to acti-
vate the plastic deformation mechanisms this analogy is no longer expected to
hold for shorter middle blocks.

In the low S regime, where crazing is not active, the 290-470-290 triblock fails
by chain scission. Clearly, in this case, the 460 middle block of the small triblock
cannot be considered as two equivalent PS blocks of 230 since an interface rein-
forced by such chains would have failed by simple chain pullout. Intuitively, this
result is not surprising as the geometry of pulling out a loop may require break-
ing a bond and thus should be more difficult than pulling out two linear chains.1

The transition from simple chain scission to crazing is also confirmed by
TEM observations of interfacial cracks between PS and PVP in thin films [28] (as

1 The friction force of pulling a loop perpendicular to itself may also be higher than the
friction force of pulling a chain along its contour.
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Fig. 15. a Gc as a function of S for interfaces between PS and PVP reinforced with 580-1620-
580 PVP-dPS-PVP triblock copolymers. b Fraction of dPS on the PS surface after fracture.
Data from [46]
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described in Sect. 2.2). Two micrographs of an interfacial crack between PS and
PVP are shown in Fig. 17. The interfaces were reinforced with an 800-870 di-
block copolymer at two different areal densities. For S > S*, a stable craze forms
at the interface while this is no longer true for S < S*. These TEM observations
give us additional important information about the fracture micromechanisms:
all the interfacial crazes for the PS-PVP system are completely formed on the PS
side of the interface confirming that if a craze forms, it will do so in the bulk pol-
ymer with the lower crazing stress. This craze widening into only one of the
homopolymers gives the craze tip the characteristic asymmetric shape shown in
Fig. 18. The surface analysis of the DCB samples shows that the actual path of the
crack must follow the interface because some deuterium, in all cases where craz-
ing is active, is found on both fracture surfaces. Consistent with this result, the
TEM observations show that the craze does not fail in its center but at the inter-
face between PS and PVP, as shown in Fig. 19.

3.5
Fracture Mechanisms: Craze Growth and Stability

To achieve interfaces with the largest possible values of Gc it is necessary to select
and then synthesize connecting chains that have the optimum values of N. One
cannot simply synthesize connectors with the largest possible value of N and
then construct an interface with a very large value of S. Such a strategy will not
work because the largest value of S that can be achieved is a decreasing function
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PVP reinforced with 800-870 dPS-PVP diblocks (■ ) and 580-1620-580 PVP-dPS-PVP tri-
block copolymers (● ). Data from [22, 46]
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PVP

Fig. 17. TEM micrographs of an interfacial crack at the interface between PS and PVP [28]
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of N, both for block copolymers and for chains end-grafted at the interface by
reaction. Some intermediate value of N will turn out to be optimal. To be able to
predict this optimum, it is necessary to first develop a molecular understanding
of the fracture mechanism of a craze along an interface reinforced with connec-
tors of length N and areal density S and then to understand the linkage between
N and S for the different kinds of connectors. The recent progress toward the
first of these goals is presented below.

As seen from the previous discussions, crazing is the only deformation mech-
anism (for PS/PVP or PMMA/PS interfaces) that can lead to a significant in-

Polymer B

Polymer A

σc
crack h

Fig. 18. Schematic of the craze formed ahead of a crack at an interface. Note that only the
material with the lower crazing stress will be incorporated in the craze, which then grows
in width in an asymmetric way

Fig. 19. TEM micrograph of a half craze at the interface between PS and PVP [28]
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crease in fracture toughness. The best current model for craze failure at a crack
tip is that originally proposed by Brown [47]. Before Brown’s work, the craze fi-
brils were always modeled as straight, parallel cylinders aligned along the nor-
mal to the craze surfaces and running from one craze interface to another. How-
ever, transmission electron micrographs and electron diffraction show the exist-
ence of short fibrils running between the main fibrils [48, 49]. A model for the
microstructure of the cross-tie fibrils is shown in Fig. 20a. These “cross-tie” fi-
brils give the craze some small lateral load-bearing capacity so that they can
transfer stress between the main fibrils behind the crack tip to the unbroken
main fibrils ahead of the crack tip, as shown on Fig. 20b. Brown pointed out that
this load-transfer mechanism allows the normal stresses on the fibrils directly
ahead of the crack tip to reach the breaking stress of the entangled strands in
these fibrils, even if the crazing stress sc (the stress needed for craze widening
and growth) is much lower. By treating the craze as a highly anisotropic contin-
uum with a longitudinal modulus C22 and shear modulus C66, Brown showed
that the tensile stress s22 directly ahead of the crack tip located at the origin (x =
0, y = 0) has an inverse square root singularity as x Æ 0, i.e.:

(11)

where Ktip is the stress intensity factor. Ktip is found to be

(12)

where sc is the crazing stress, h is the half-width of the craze at the crack tip and
A is a constant of order one. An excellent approximation for s22(x), the full-field
solution of Brown’s model directly ahead of the crack tip (y = 0, x) was later ob-
tained by Hui et al. [50, 51].

s22 = sc(1 – exp[– px(C22/C66)1/2/h])–1/2 x > 0 (13)

It can be easily demonstrated that for x << (C66/C22)1/2h, Brown’s asymptotic
solution [Eq. (12)] is recovered with . Equations (15), (17) and (18) be-
low are derived assuming that the craze is much wider than the fibril spacing, so
that Eq. (12) is a good approximation for Eq. (13).

For the case of a craze at an interface, h is related to the continuum opening
displacement d at the crack tip by:

d = h(1 – uf) (14)

where uf is the volume fraction of fibrils within the craze (ª0.25 for PS) [52, 53].
The ratio C66/C22 depends only on the craze microstructure and the elastic

properties of the fibrils, i.e. the spacing L between cross-tie fibrils which bridge
between one main fibril and the next as well as the distance, d, between main fi-
brils. Estimates of C66/C22 based on the micromechanics of the craze microstruc-
ture can be found in [54]. For crazes in PS, L ª 60 nm and d ª 20 nm, leading to
an estimate for C66/C22 of 0.02.

    s p22
1 22@K xtip( )– /

K A C C htip c= s ( / ) /
66 22

1 4

A = 2
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If one assumes that the craze is sufficiently thick so that d<<(C66/C22)1/2h, the
average tensile stress on the (continuum) fibril structure at a distance D ª d/2 di-
rectly ahead of the crack tip is, according to Eq. (11),

sfibril = Ktip(2pD)–1/2 (15)

To obtain an upper limit for Gc, sfibril is set equal to the failure stress sfibril =
Seff fb of the continuum fibril structure which gives a failure criterion for the crit-
ical crack opening displacement d = dc at the crack tip. Here Seff  is the number
of effective connector strands per nominal unit craze area; Seff  can be less than
S due to the scission of chains during formation of the craze fibrils.

If sc is assumed to be constant along the craze [55, 56], dc is related to the frac-
ture toughness Gc by

Gc = scdc (16a)

Gc = h(1 – uf)sc (16b)

The predictions of Eq. (16b) for the fracture toughness of interfaces where
crazing occurs can be checked by measuring the craze width h at the crack tip
along a thin film interface by TEM if the crazing stress has been previously meas-
ured [28]. A comparison between these results for Gc from TEM and those (Gc
[MECH]) from asymmetric double cantilever beam samples with the same areal
chain density of block copolymer is shown in Fig. 21. The agreement between
the two methods is impressive, especially given the difference in constraint at the
crack tip, and indicates that Eq. (16) is a suitable basis for further prediction. As
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Fig. 21. Relationship between Gc [TEM] and Gc [MECH]. Note that Gc [TEM] is comparable
to Gc [MECH] over the entire range of Gc examined and that Gc [TEM] ~ 2Gc [MECH] in this
case. Data from [28]
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further experimental evidence supporting Eq. (16b), a similar agreement be-
tween Gc [TEM] and Gc [MECH] has also been found in a different system where
the value of h was measured on microtomed sections of thick samples [30]. In
this case, h can be measured on the same sample used for the determination of
Gc [MECH].

Using Eqs. (12) and (14–16) and the failure criterion sfibril = Seff fb, we find
that

(17)

where the right hand equality in Eq. (17) follows from the definition S* = sc /fb.
This result can be further simplified to yield

(18)

where the 2.88 comes from choosing D = d/2 and selecting A such that the results
for the stress in the fibril just ahead of the crack tip from the continuum solution
matches that for simulations of a discrete model [51]. Note, however, that
Eq. (17) cannot be even approximately correct for narrow crazes, i.e. weak craz-
es, as found either for S just greater than S* or for crazes significantly weakened
by disentanglement. The stress singularity of the continuum approximation
[Eqs. (11) and (15)] is dominant only when d <<(C66 /C22)1/2h. For h/d < 60 (or
h/L < 20), the full stress field given by Eq. (13) should be used for the continuum
approximation, which means that Gc will not scale as Â2

eff for Gc<50 J/m2. In this
case, Gc is given by:

(19)

Equation (18) is recovered when 

. 

While theoretically the full-field continuum solution, Eq. (13), is an approxi-
mation for the stress in the last fibril, simulations that take into account the dis-
crete nature of the craze and the detailed displacements of the craze/bulk inter-
face due to fibril drawing near the crack tip [51, 54] show that it, and thus
Eq. (19), are very good approximations. Note however that Eq. (19) is meaning-
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less for Seff £ 1.2S*: under these conditions the craze becomes so narrow that
even the discrete model should be viewed with suspicion.

The treatment above assumes that within the craze there exists some effective
areal chain density Seff  of connectors within the craze fibrils that must be broken
with a force fb. However, it is possible, and even likely, that the failure mechanism
involves some disentanglement of connectors within the craze fibrils. Under
these circumstances it may be more reasonable to find a failure stress sfibril for
the craze fibril structure at the crack tip, a failure stress that is no longer given
by Seff fb but is a more complicated function of connector areal density S, con-
nector degree of polymerization N, crack velocity , as well as temperature T. In
what follows we assume that the craze microstructural parameters ,
uf  and d do not change with these other parameters even though in principle
they will depend on rate and temperature. We define a standard crack tip dis-
placement d‡ and a corresponding fracture toughness Gc* as follows:

(20)

Gc
* = d‡sc (21)

Equation (19) can now be rewritten as:

(22)

In the limit of strong interfaces, Eq. (21) becomes simply:

(23)

It will prove instructive to use Eq. (21) to find the fibril failure stress under
conditions, e.g. short connectors, where it cannot be assumed that all connec-
tors break. For this purpose we can rewrite Eq. (21) to yield

(24)

By fitting Eq. (23) to experimental data for strong interfaces where sfibril = Sfb
we can obtain a reasonable estimate of d‡ and of Gc*, provided that the crazing
stress of the more ductile material is known. These constants can then be used
to predict the value of sfibril/sc for more complicated cases where either the ac-
tual areal density of effective connecting chains or the force to break a connector
is not precisely known.
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It should be noted that, while this model was developed with the structure of
a craze in a glassy polymer in mind, a generalized form, such as Eq. (22), should
apply equally well for polymers which do not craze but form a cavitational plas-
tic zone ahead of the crack tip, such as semicrystalline polymers near a hard in-
terface. Such a situation will be examined in Sect. 6.2.

Let us now consider the experimental evidence in favor of the crazing model
presented above. The type of systems where the crazing model is expected to
work best is that of strong interfaces with long connecting chains. In that case
sfibril is known and is given by:

sfibril = S fb (25)

Figure 22 shows a plot of Gc vs. S/S* for long PS-PMMA diblock copolymers
at PPO/PMMA interfaces (circles) and dPS-PVP block copolymers at PS/PVP in-
terfaces. The craze forms on the PMMA side of the PPO/PMMA interfaces and
on the PS side of the PS/PVP interfaces. The dashed line represents Eq. (18)
while the solid line represents Eq. (19). Both sets of data were taken from [22].
The data are superimposed on such a plot and are fit reasonably well by Eq. (18)
with a value of (C66/C22)1/2 = 0.02 that is also reasonable [57]. The full expression
of Gc should be used for weak interfaces (Gc < 100 J/m2) otherwise the simplified
Eq. (17) may be used.
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Fig. 22. Gc vs. S/S* for interfaces between PPO and PMMA reinforced with PS-PMMA di-
block copolymers (● ) and for interfaces between PS and PVP reinforced with PS-PVP di-
block copolymers (■ ). The solid line is a fit to Eq. (19) and the dashed line to Eq. (18). Data
from [22, 36]



92 Costantino Creton, Edward J. Kramer, Hugh R. Brown, Chung-Yuen Hui

By fitting the same experimental data to Eq. (23), we can extract a value for s‡

and further apply the model to weaker systems where sfibril is no longer given by
Eq. (25). In this case it is interesting to plot (see Fig. 23) sfibril [obtained from the
value of Gc and Eq. (24)] as a function of S for different systems of connecting
chains. Clearly, for the shorter chains (N~500), sfibril still increases with S but
no longer linearly. This indicates a certain amount of disentanglement of the
polymer chain in the fibril so that the actual fracture stress is lower than the
stress necessary to break every strand crossing the interface.

While in this case (short copolymer chains extracted from a matrix) one can
interpret sfibril as the product of the areal density of copolymer chains by an av-
erage pullout force, this will no longer be the case if the value of S becomes ill-
defined. One such case discussed below is the situation where the strength of the
interface is no longer controlled by the molecular weight of the block but by that
of the homopolymer.

3.6
Effect of the Homopolymer

The coupling between the connecting chain and the homopolymer occurs
through the formation of entanglements. So far we have examined the effect of
the molecular weight and areal density of the connecting chain on the fracture
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Fig. 23. sfibril /sc vs. S for various reinforced interfaces. (● ) dPS-COOH, N = 838; (◆ ) dPS-
COOH, N = 688; (■ ) PS-PVP, N = 800–870; (❏ ) dPS-COOH, N = 535; (❍ ) PS-PVP, N = 510–
540. Filled symbols represent chains with N >> Ne while unfilled symbols represent shorter
chains where disentanglement in the craze is expected. The filled line represents the value
of sfibril one would expect from Eq. (25) while the data points are the value of sfibril obtained
from the values of Gc and Eq. (24). Data from [22, 38]
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toughness, showing that the formation of entanglements with the homopoly-
mer is crucial to obtain an interface with a high fracture toughness. However,
one should keep in mind that, while the interface always fails very near the lo-
cation of the connecting chains, tough interfaces generate a plastic zone several
microns wide which develops therefore mostly in one or both of the homopol-
ymers on either side of the interface. The plastic deformation properties of the
homopolymers near the interface are therefore crucial to the formation of a sta-
ble craze and can have an important influence on the measured fracture tough-
ness and on the fracture mechanisms. According to the model set out in the
preceding section, the homopolymer present near the interface should have an
influence mainly on two parameters: the crazing stress sc and the fibril stress
sfibril.

In particular, the crazing stress does influence the onset of the pullout-to-
crazing transition as well as the maximum width hf of the plastic zone according
to Eq. (19). From Sect. 3.4, the critical areal density for the onset of crazing, S*,
is given by:

S* = sc /fb (26)

where fb is the force necessary to break a C–C main-chain bond. One expects
therefore S* to be proportional to scraze for vinyl polymers. This has indeed been
observed for several systems. In certain cases it is also possible to inhibit the for-
mation of a craze altogether by raising the value of scraze in such a way that S*
increases above the maximum attainable areal density of chains Smax [32].

For glassy polymers the crazing stress is usually weakly dependent on the
sample preparation conditions and is a characteristic property of a given
homopolymer. This is no longer the case, however, for semicrystalline polymers.
In these systems it is difficult to separate the effect of cooling conditions on the
coupling at the interface (possible crystallization of grafted chains and
homopolymers in the same crystallite) from that on the characteristic size of the
crystallites and on the degree of crystallinity. However, it is likely that a change
in bulk mechanical properties of the homopolymer will influence the onset of
the plastic deformation mechanisms.

A second category of polymers where a change in bulk properties is essential
for good adhesion performance is that of rubber-reinforced plastics. In this case,
as schematically shown in Fig. 24, one can have identical interfacial structures
but very different bulk yield stresses due to the presence of rubber particles.

Two examples are shown in Figs. 25 and 26, where Gc and sfibril are plotted as
a function of S. In the first case we compare interfaces between an epoxy and ei-
ther PS or high-impact PS, where both interfaces have been reinforced with the
same deuterated end-grafted chain, while, in the second case, we compare inter-
faces between polyamide 6 (PA-6) and either polypropylene (PP) or a PP-based
alloy with a PP matrix and 70% EPDM rubber particles, where both interfaces
have been reinforced with the same type of grafted PP chains. Two observations
can be made:
1. The polymer with the lower crazing stress has a higher value of Gc.
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2. For the PP system, the value of sfibril as a function of S is identical for both sys-
tems, implying that Eq. (24) applies to the plastic deformation mechanisms at
the interface for both systems.

3. For the PS system, the value of sfibril obtained from Eq. (24) is unrealistically
high (above the value of Sfb which has to be an upper limit for sfibril). This im-
plies that, in addition to a localized craze zone at the interface, other dissipa-
tive mechanisms, e.g. crazes nucleated from rubber particles well away from
the interface, are active.

The other important influence of the bulk properties of the homopolymers is on
the fibril stress, i.e. the craze stability. Even if, as pointed out above, the crazing
stress for a glassy polymer does not vary much, it is well known that the molec-
ular weight of the polymer has a profound effect on its fracture toughness [58].

In all the experiments described in Sect. 3, the homopolymer was a commer-
cial grade high molecular weight polymer and was implicitly assumed not to be
the limiting factor in obtaining a high fracture toughness at the interface. More
recent experiments by Dai et al. [59] have shed some light on the role of the
homopolymer in the entanglement coupling taking place at the interface. In
these experiments, the polydisperse homopolymer PS normally used in most of
the studies reported in this review was substituted with a series of monodisperse

Rubber Rubber

Rubber

polymer B

Polymer A

polymer B

Polymer A

connecting chains

connecting chains

Fig. 24. Schematic of interfaces between polymers with an identical interfacial structure
and different yield stresses: the example of rubber-reinforced polymers
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PS (MPS) of different molecular weights as well as with a blend of high and low
molecular weight polymers.

An interesting aspect in the understanding of the micromechanics of the in-
terface is the fibril failure mechanism in the crazing regime. As pointed out in
the previous section, two mechanisms are possible: chain scission or chain dis-
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Fig. 25. a Gc vs. S and b sfibril /sc vs. S /S* for an interface between PS (■ ) or HIPS (● ) and
epoxy reinforced by end-grafted PS chains (N = 840). The values of sfibril /sc are obtained
from Eq. (24) and the solid line in b is obtained by setting sfibril = Sfb. Data from [38, 40]
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entanglement. The occurrence of one rather than the other is dependent on the
ratio N/Ne where N is the degree of polymerization of the grafted chain. It is
therefore instructive to consider first an interface reinforced with an areal den-
sity of copolymer, where the failure occurs well into the crazing regime for the
experiments with the polydisperse homopolymer.
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Fig. 26. a Gc vs. S and b sfibril /sc vs. S/S* for an interface between PP (■ ) or a PP/EPDM blend
(● ) and PA-6 reinforced by end-grafted PP chains (Mn = 43,000). The values of sfibril /sc are
obtained from Eq. (24) and the solid line in b is obtained by setting sfibril = Sfb. Data from
[16, 102]
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The fracture toughness of an interface between PS and PVP reinforced with
0.09 chains/nm2 of 800-870 PS/PVP copolymer is shown in Fig. 27a as a function
of the molecular weight of the MPS samples. Gc increases very sharply when M
increases above 100 kg/mole and levels out at approximately 200 kg/mole. It is
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Fig. 27. a Gc of interfaces between MPS and PVP reinforced by 0.09 chains/nm2 of 800-870
dPS-b-PVP block copolymer. Gc is plotted as a function of the molecular weight M of the
homopolymer MPS. b Surface analysis for the same interfaces showing the fraction of dPS
found on the PS side of the interface after fracture. Data from [66]
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important to note that the value of Gc obtained for the polydisperse PS is consist-
ent with its Mn rather than with its Mw.

The analysis of the fracture surface in Fig. 27b shows that most of the dPS is
found on the PVP side of the interface even for high molecular weight MPS. This
interesting result implies that the craze failure mechanism is controlled much
more by the DP of the connecting chain than by the DP of the homopolymer. As
one would expect, only when the molecular weight of the homopolymer drops
below approximately 150 kg/mole (8–9 Ne for PS) does the molecular weight of
the homopolymer affect Gc and the craze failure mechanism. These results have
been qualitatively confirmed also on a shorter block copolymer (510-540).

The presence of a low molecular weight fraction in a high molecular weight
polymer is known to embrittle it considerably by reducing the stability of its
craze zone. Systematic experiments have been undertaken where a certain vol-
ume fraction of low molecular weight PS (Mn = 4000) has been incorporated into
a high molecular weight PS (Mn = 670,000). This blend has then been used as the
MPS for the fracture experiments and the results of Gc as a function of the vol-
ume fraction f of the low molecular weight PS are shown in Fig. 28a while the
fraction of deuterium found on the PS side is shown in Fig. 28b. The interface
was in all cases reinforced with 0.09 chains/nm2 of 800-870 PS-PVP to allow
comparisons with the results of Fig. 27. Clearly, Gc decreases dramatically with
increasing f and the failure mechanism becomes increasingly chain disentan-
glement.

The results of Dai et al. can be analyzed with Eq. (24) and the measured fibril
stress  can be plotted (see Fig. 29) as a function of the Mn of the homopol-
ymer. This can be compared:
– to the predicted value  represented by a solid line given by qSFRES fb

where SFRES is the areal chain density of copolymer measured using FRES.
– to the predicted value for the bulk PS areal density of strands represented by

a dashed line (which varies with MPS because of chain ends).
These results can be interpreted as follows:

1. The maximum value of sfibril that can be achieved with a diblock copolymer
remains lower than the value for the bulk homopolymer. This explains, there-
fore, why the measured Gc for interfaces reinforced with diblock copolymers
remains lower than the bulk Gc of the homopolymers.

2. The difference between  and  gives a measure of the degree of
pullout of the diblock from the homopolymer. When , as for the
800-870 copolymer when the Mn of the MPS > 150,000, the fracture occurs
mostly by chain scission according to the model of Sect. 4.1. On the other
hand, for Mn < 150,000 for the 800-870 and at all molecular weights for the
510-540 copolymer,  is significantly lower than , indicating that
significant chain disentanglement from the homopolymer occurs.
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Fig. 28. a Gc of interfaces between a blend of high (Mn = 670,000) and low (Mn = 4000) mo-
lecular weight MPS and PVP reinforced by 0.09 chains/nm2 of 800-870 dPS-b-PVP block
copolymer. Gc is plotted as a function of the volume fraction f of the low molecular weight
MPS. b Surface analysis for the same interfaces showing the fraction of dPS found on the PS
side of the interface after fracture. Data from [66]
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3.7
Velocity Dependence

Most of the experimental results presented above were obtained for the case of a
steady-state crack propagating around 1–5 µm/s. The crack velocity in the DCB
experiment performed with a wedge is controlled by the velocity at which the
wedge is pushed to separate the sample. It is therefore possible in principle to do
tests over a range of velocities. However, a few studies have been reported where
the velocity of crack propagation has been investigated in a systematic way. The
trend in these studies, illustrated by Fig. 30 in the case of a PS/PVP interface re-
inforced with a dPS-PVP 800-870 diblock copolymer, is however always one of
increasing Gc with crack velocity [60].

An increasing value of toughness with crack velocity is commonly found in
elastomeric systems; however, in this case, the increase in Gc is attributed to the
viscoelastic losses in the bulk of the elastomer which increase with increasing
deformation rate and decreasing temperature [61, 62].

For glassy polymers the same argument does not hold since, except in specific
cases where secondary relaxations in the glass are active, the viscoelastic losses
in the polymer, if any, should decrease with increasing crack velocity. However,
we can still interpret the experimental results with Eq. (24) and note that the
only two parameters that will vary with deformation rate are sc and sfibril. Clear-
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Fig. 29. sfibril /sc as a function of the molecular weight of the homopolymer MPS. The data
points are obtained from the measured Gc values using Eq. (24). The solid line represents the
predicted value obtainable with the measured areal density of copolymer chains at the in-
terface S while the dashed line represents the predicted value for the bulk PS areal density
of strands (which varies with MPS because of chain ends)
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ly, the crazing stress cannot decrease with increasing crack velocity but presum-
ably the rate dependence of sfibril is stronger and dominates the behavior of Gc.
One can envision three possible causes for this dependence:
1. In the disentanglement regime (relatively short chains in the fibrils) sfibril

should increase with crack velocity because the disentanglement becomes
more difficult.

2. However, in the scission regime, this argument does not hold and one would
have to introduce a kinetic theory fracture argument (the fracture stress of a
bond depends on the rate of deformation).

3. In the specific case of polystyrene, the propagation of an interfacial craze is
often accompanied by oblique crazes in the bulk PS ahead of the main craze.
The number and length of these crazes (which dissipate energy) can depend
on the crack velocity [63].

3.8
Effect of an Elastomeric Midblock Within the Connecting Chains

The results described above were obtained in systems where both the homopol-
ymers and the connecting chains were in the glassy state. It is well known that
small amounts of elastomer can toughen glassy polymers by initiating crazing,
so Brown et al. [64] examined the effects of using connecting chains with an
elastomeric center block. They used PS-PB-PMMA and PS-PEB-PMMA triblock
copolymers, (where PB is polybutadiene and PEB is polyethylene-co-butylene)
as connecting chains between PPO on one side and PMMA or styrene acryloni-
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Fig. 30. Gc vs. crack velocity for the PS/PVP interface reinforced with 800-870 dPS-b-PVP
diblock copolymer with S = 0.04 chains/nm2. Data from [60]
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trile (SAN) on the other. The elastomer was expected to be immiscible with all
of the glassy polymers and therefore to form a separate microphase. A range of
copolymers was used, with NPS between 560 and 1000 and NPMMA within a sim-
ilar range, so failure by chain scission rather than pullout was expected.

The failure results showed the remarkable effect, illustrated in Fig. 31, that the
connecting chains were very ineffective at toughening the interface, and in fact
often decreased the toughness from that of the interface with no connecting
chains. To test if this surprising result was caused by the elastomeric state of the
center blocks in the connecting chains some fracture tests were made at –60 °C,
which is below the glass transition temperature of the elastomers. For compari-
son, low-temperature measurements were also made on samples coupled by PS-
PMMA diblocks of similar DP. Cooling the triblock-coupled samples increased
their toughness by large factors while the toughness of the diblock-coupled sam-
ple did not change significantly. At the low temperature the triblocks were effec-
tive coupling agents that presumably failed by chain scission. Clearly, it is the ex-
istence of the extremely fine elastomer phase at the interface that suppresses the
mechanical coupling at room temperature.

The experimental results described above can be explained within the basic
fracture mechanism map after detailed consideration of the processes necessary
to generate a craze at the interface. The criterion Sfb > scraze is a necessary con-
dition for the formation of stable craze fibrils. However, it is not sufficient for the
formation of a craze at an interface. Craze initiation is believed to occur by a me-
niscus instability process that happens within a yield zone (an active zone) at a
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Fig. 31. Gc vs. S for interfaces between PMMA and PPO reinforced by: (● ) 1400-1400 PS-
PMMA symmetric diblock copolymers and (■ ) 560-1650-625 PS-b-PB-PMMA triblock co-
polymers. Data from [64]
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crack tip. This yield zone blunts the crack tip and averages out the stress singu-
larity that would occur in a purely elastic system. It would seem likely that the
length of this yield zone needs to be in the order of at least two fibril diameters
for the meniscus instability process to occur. At an interface between two mate-
rials this yield zone must occur partly in the mixed layer of material. Hence the
mixed layer has to sustain a stress a little above the polymer yield stress (because
of the constraint), perhaps 100 MPa in a zone of length 30 nm, to start the craz-
ing. The opening of this zone would be about 2 nm so it could occur within the
mixed layer. The formation of this zone can only lead to stable crazes if the fi-
brils, as they form, are stabilized by sufficient entangled coupling chains, hence
the crazing criterion given above. If the mixed layer contains elastomeric mate-
rial then it is liable to pull apart at stresses well below the glassy yield stress, and
so the crazing process cannot start. Instead, during crack propagation, the high-
ly loaded elastomer-containing chains from the connector triblocks would be
broken successively with little energy dissipation.

The energy necessary to propagate the crack within the model described
above can be obtained using the classic Lake-Thomas [65] model of elastomer
failure. Within this model Gc = SnU where n is the number of main-chain bonds
between crosslink or entanglement points, and U is the energy needed to break
a main-chain bond. This relationship predicts a fracture energy of ~6 J/m2 when
S is 0.075 chains/nm2, in reasonable agreement with the experimental results.

4
Optimum Toughening of the Interface: the Limits of Gc

Experimentally, the maximum fracture toughness that can be obtained for a giv-
en connecting chain and a given homopolymer pair is controlled by the maxi-
mum achievable value of the fibril failure stress sfibril.

Intuitively, the maximum value of sfibril should go through a maximum as a
function of N since it is really the product of a force f to break or disentangle the
chain ( f should increase with N and then reach a plateau equal to fb) and an areal
density of connecting chains Ssat. This saturation areal density Ssat  should de-
crease with the degree of polymerization N, for steric reasons. For a symmetric
diblock copolymer, for example, that would form, if pure, a lamellar structure,
Ssat should be essentially the same as the S of the lamellae and this S should de-
crease as N–0.33 [36, 60]. Reactivity arguments given below impose at least as
strong an N dependence on Ssat of copolymers formed at interfaces by reaction.
Thus an optimum value of N should exist and this should correspond roughly to
a value of N just where f saturates at fb. Further increases in N will decrease Ssat
without a compensating increase in f, leading to a decrease in sfibril with N. In-
terestingly, enough such arguments imply that the failure mechanism of the
craze corresponding to this optimum N should involve some chain disentangle-
ment. (If all the chains in the fibril fail by chain scission, f = fb.)

Experiments support these theoretical arguments. The maximum attainable
value of Gc as a function of N/Ne is shown in Fig. 32 for two diblock copolymer
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systems (PS-PVP between PS and PVP and PS-PMMA between PMMA and
PPO) where N is the degree of polymerization of the block, as well as for two
grafted brush systems (dPS-COOH between epoxy and PS and dPS-COOH be-
tween epoxy and HIPS) where N is the degree of polymerization of the grafted
chain. For both cases, Ne represents the average degree of polymerization be-
tween entanglements of the corresponding homopolymer.

For both the PS-PVP and the dPS-COOH epoxy systems the fact that a sub-
stantial fraction of dPS is found on the non-PS side of the interface after fracture
at the maximum Gc shows that at least some chains in the craze fibrils fail by dis-
entanglement, i.e. f < fb.

In the case of the segregation of block copolymers at the interface, a quanti-
tative prediction of Ssat is complicated by two main factors: unlike the case of
grafted chains, one can obtain a higher apparent density of chains at the inter-
face (by forming micelles or multiple lamellae) without actually increasing the
areal density of connecting chains [33]; secondly, the experimental procedure,
where the block copolymer is deposited at the interface and then annealed to al-
low local equilibration, might give rise to supersaturated interfaces, which are
locally in equilibrium but not, strictly speaking, in equilibrium with the sur-
rounding bulk homopolymers due to extremely slow kinetics.

An interesting issue in the case of reinforcement from block copolymers is the
organization of the block copolymer at the interface when the areal density of
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Fig. 32. Maximum achievable fracture toughness of interfaces between A and B polymers
reinforced with block copolymers or end-grafted chains as a function of the degree of po-
lymerization N of the reinforcing block. (▲) PS-b-PMMA between PPO and PMMA; (◆ )
dPS-COOH chains in a HIPS matrix grafted on an epoxy interface; (❏ ) dPS-COOH chains
in a PS matrix grafted at an epoxy interface; (❍ ) PS-b-PVP chains at the interface between
PS and PVP. Data from [22, 36, 38, 40]
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copolymer exceeds that required to form a single brush. In this case, even
though S of the original interface becomes saturated, the excess copolymer can
lead to the formation of either additional weaker interfaces that become the new
locus of fracture giving a decrease in Gc or to a roughening of the outer interface
with the least craze-resistant homopolymer, leading to an increase in Gc.

While a unifying picture, encompassing all three types of copolymers, can be
drawn for the effect of the connecting chain at low areal densities, this is no long-
er true at higher areal densities where the organization of the copolymer layer at
the interface has very different mechanical effects whether it is a diblock or a tri-
block copolymer.

4.1
Diblock Copolymers

The situation for diblock copolymers has been examined in detail by Washiyama
et al. in the PS-PVP system [33]. As shown in Fig. 33, they found that for sym-
metric copolymers of 510-540, the fracture toughness passed through a maxi-
mum at S ª 0.2 chains/nm2 corresponding to a nominal areal density of chains a
little higher than what is contained in a pure block copolymer lamella of thick-
ness L. At higher values of S, TEM observations showed that a multilamellar
structure formed at the interface, as illustrated in Fig. 34 for the 510-540 copol-
ymer. The fracture toughness of such an interface dropped sharply to stabilize
then at a plateau value. The areal density at which Gc reached this plateau value
corresponded closely to what would be expected for the thickness of 3/2 L. The
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Fig. 33. Gc vs. S of interfaces between PS and PVP reinforced by 510-540 dPS-b-PVP diblock
copolymers [33]
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analysis of the fracture surfaces in Fig. 35a showed that in that high S regime the
crack path goes through the weaker PS lamella which is formed by the contact of
two block copolymer blocks, as shown schematically in Fig. 35b for the 510-540
copolymer. The dramatic weakening of the interface was attributed to the swell-
ing of this PS lamella by the low molecular weight component of the polydis-
perse homopolymer PS. This low molecular weight component greatly reduced
the craze stability by favoring disentanglement in the craze fibrils. A comparison
between TEM micrographs of the lamellae and the surface analysis of the frac-
ture surfaces with FRES confirmed this hypothesis.

It should be noted, however, that all the decrease in fracture toughness cannot
be attributed to the presence of the low molecular weight fraction. Recent exper-
iments by Dai et al., on the 510-540 copolymer with a monodisperse high molec-

Fig. 34. TEM micrographs [33] of the undeformed interface between PS and PVP reinforced
with a 510-540 dPS-b-PVP diblock copolymer. a S = 0.4 chains/nm2; b S = 0.7 chains/nm2;
c S = 0.85 chains/nm2
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ular weight PS homopolymer, also showed a decrease in Gc after the maximum,
albeit of smaller amplitude [66]. This result reflects the fact that, for the 510-540
homopolymer, the PS block/PS block interface is intrinsically weaker than the
PS block/PS homopolymer interface. One would expect this effect to be smaller
or to disappear for longer diblocks.

A similar result was obtained by Creton et al. on PS-PMMA between PMMA
and PPO [37]. In their case as well, SIMS surface analysis showed that the max-
imum in Gc was obtained for a value of S slightly higher than L/2. Similarly to the
PS-PVP case, at higher values of S, the measured Gc decreased and reached a pla-
teau. SIMS results were consistent with the formation of multiple lamellae with
the crack always going through the PS lamella closer to the PMMA side of the in-
terface. Creton et al. compared the fracture toughness of the interface in the high
S regime, where it is controlled by the PS lamella, to the value of Gc obtained for
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Fig. 35. a Surface analysis after fracture of the interface between PS and PVP reinforced
with a 510-540 dPS-b-PVP diblock copolymer showing the fraction of deuterium on the PS
side (● ) and on the PVP side (❍ ). b Schematic of the crack path in the block copolymer la-
mella. Data from [33]
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the PS-brush/PS homopolymer interface in the PS-PVP system. All these results
can be plotted on the same graph (see Fig. 36) and imply that for the PS-PMMA
between PMMA and PPO, the PPO, if it swells the PS lamella, does not alter sig-
nificantly its resistance to fracture.

On the other hand, for strongly asymmetric diblocks such as the PS-PVP 580-
220, a similar decrease of Gc with S is not observed. In this case, TEM observa-
tions of the interfacial area show that the excess diblock forms spherical micelles
that do not affect the fracture toughness of the interface [33].

4.2
A-B-A Triblock Copolymers

At very high values of S, greatly exceeding the theoretical value for single layer
coverage, triblock copolymers have a strikingly different behavior to diblocks.
This behavior is illustrated in Fig. 37 that compares the effect of the 580-1620-
580 PVP-dPS-PVP triblock with that of the 800-870 diblock at high values of S.
Gc does not go through a maximum but rather continues to increase up to a cov-
erage of S = 0.4 chains/nm2. The maximum observed value of Gc greatly exceeds
the maximum Gc that could be obtained with the 800-870 diblock and approach-
es the Gc of bulk PS. A tentative explanation for this peculiar behavior is suggest-
ed by TEM observations of microtomed sections near the interface. These mi-
crographs show that, at high coverage, the 580-1620-580 triblock formed a mi-
crophase separated structure (Fig. 38) formed of cylinders oriented perpendic-
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Fig. 36. Comparison of the Gc values at multilayer coverage for the PS-b-PMMA diblock at
a PPO/PMMA interface (❏ ), where failure occurs through the PS lamella, with the Gc max-
imum observed for the PS-b-PVP diblock at a PS/PVP interface (■ ), where failure occurs in
the brush. Data from [37]
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Fig. 37. Comparison of the fracture toughness of interfaces between PS and PVP reinforced
with a 800-870 dPS-PVP diblock (● ) and with a 580-1620-580 PVP-b-dPS-b-PVP triblock
(■ ). While Gc is quite similar for both block copolymers at low coverage, the triblock is
much more effective at higher levels of coverage as explained in the text. Data from [33, 46]

Fig. 38. TEM micrograph [46] of an undeformed interface between PS and PVP reinforced
with a 580-1620-580 triblock copolymer. S > 0.1 chains/nm2
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ular to the interface and a significant roughening of the interface was observed.
This very rough interface with no obvious weak points may be responsible for
crack deviations in the bulk PS or for an additional nucleation of 45° crazes at
the crack tip that would have increased Gc.

A homopolymer

B sub-lamella

A sub-lamella

B homopolymer

A homopolymer

B sub-lamella

A sub-lamella

B homopolymer

B sub-lamella

A sub-lamella

Fig. 39. Schematic of the conformation of block copolymers inside lamellae: a diblocks and
b triblocks. The bridging effect of triblock copolymers is responsible for their better me-
chanical reinforcement at high copolymer coverage
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A similar irregular phase-separated structure (albeit lamellar this time) was
also observed for the 290-470-290 triblock. In this case, since the lamellae are ori-
ented parallel to the interface, the stronger mechanical reinforcement is probably
due to the bridging effect of triblock chains, as schematically shown in Fig. 39.

5
Interfaces Between Polymers, Coupling by Random Copolymers

While adding connecting chains is an effective way to reinforce polymer inter-
faces, there are situations where that solution may be impractical. An alternative
option is to increase the average degree of interpenetration of the two immisci-
ble polymers, effectively broadening the interfacial width. In this case, however,
there is no longer a well-defined areal density of chains S or a well-defined inter-
penetration degree of polymerization N, but rather a distribution of N’s.

The microscopic analysis of the fracture mechanisms developed in Sect. 4 is
expected to hold for these interfaces as well except for the fact that sfibril is no
longer given by Eq. (25) but is, in the general case, a complicated function of the
molecular weight of the polymers and of the c interaction parameter. For mo-
lecular weights much larger than Me, sfibril should be a function of the interfacial
width only. Assuming that the molecular weight of the polymers cannot be var-
ied much, this means controlling the value of the interaction parameter c be-
tween the two materials.

5.1
Interfaces Between Homopolymers

From the point of view of the mechanical reinforcement it is important to under-
stand how the mechanical strength of the interface varies when the c parameter
changes (if the two polymers are immiscible) and, more generally, how the frac-
ture toughness of the interface depends on the interfacial width aI of the inter-
face [as defined in Eq. (3)].

The development of neutron reflectivity as a tool to investigate polymer inter-
faces has now made it possible to measure Gc and aI on the same polymer inter-
faces, and the results of Schnell et al. [67, 68] on interfaces between styrenic pol-
ymers are shown in Fig. 40a. These results were obtained for three different
types of interfaces:
1. Interfaces between monodisperse high molecular weight PS. In this case a

healing experiment was performed and aI and Gc were measured as a function
of annealing time.

2. Interfaces between monodisperse high molecular weight PS and monodis-
perse high molecular weight poly(paramethylstyrene) of various molecular
weights. Since the c parameter of this polymer pair is of the order of 0.003–
0.005, the range of interfacial widths which could be obtained by varying the
molecular weight of the polymers between 150 kg/mole and 1250 kg/mole
and the annealing temperature from 140 to 185 °C, was 9–13 nm.
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3. Interfaces between high molecular weight monodisperse PS and monodis-
perse high molecular weight brominated PS (PBrxS) where x was varied be-
tween 0.11 and 0.33. In this case c varied between 0.1 and 0.001 depending on
the degree of bromination and a different range of interfacial widths (narrow-
er) was obtained than in case 2.
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Fig. 40. Fracture toughness Gc of interfaces between glassy homopolymers as a function of
their width aI. a (● ) PS/PS interfaces; (■ ) PS/PPMS interfaces; (▲) PS/PBrxS interfaces.
b (● ) PS-r-PVP/PS interfaces, (■ ) PS-r-PMMA/PS and PS-r-PMMA/PMMA interfaces.
Data from [67, 69, 70]
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The results of Fig. 40a clearly show three different regimes which can be inter-
preted in terms of microscopic failure mechanisms. 
– For aI < 6 nm, Gc is low and presumably the failure mechanism is simple chain

pullout or simple chain scission with no plastic zone being formed ahead of
the crack tip.

– For 6 nm < aI < 12 nm, Gc increases sharply with interfacial width, suggesting
a transition from failure by simple fracture or pullout, to failure after forma-
tion of a craze at the crack tip. This craze is clearly observable in the PS-
PMMA studies. Once the transition is passed, the increase in Gc is due to the
increase in the maximum stress sfibril that can be sustained by the fibrils since
all polymers in this study have very similar crazing stresses.

– Finally, for aI > 12 nm, the fibril failure stress becomes independent of the in-
terfacial width and Gc is that of the bulk homopolymer.

The unique dependence of Gc on the width of the interface has also been found
for interfaces between high molecular weight random copolymers and
homopolymers [69, 70]. It is apparent from Fig. 40b, however, that while regimes
I and II are also observed, the critical width, where the transition from regime I
to regime II occurs, varies for different PS-based systems even though the bulk
entanglement structure is the same.

These three regimes can be visualized in Fig. 41. This figure shows the fibril
failure stress as a function of aI as well as the value of fibril failure stress one
would expect for bulk PS based on the value of strands crossing the interface in
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Fig. 41. Normalized fibril failure stress sfibril /sc as a function of the width of the interface aI
for (● ) PS/PS interfaces; (■ ) PS/PPMS interfaces; (▲) PS/PBrxS interfaces. The dashed line
represents the fibril failure stress one would expect from bulk PS
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bulk PS. Two interesting results can be extracted from this study: The transition
from chain pullout to crazing can be interpreted as the point where the stress
that can be sustained by the interpenetrated chains (the conformation of which
is not precisely known) is higher than the crazing stress.

Schnell at al. argue that the low degree of interpenetration necessary to acti-
vate the plastic deformation mechanisms could be indicative of the formation of
a significant number of loops at the interface rather than chain ends, as shown
schematically in Fig. 42. This argument would apply even more strongly for the
results on PS-r-PVP/PS interfaces recently reported by Benkoski et al. [70] but
would not apply to PMMA interfaces where the transition from regimes I and II
occurs for much wider interfaces [69].

The transition from regime II to regime III is indicative of the fact that the in-
terface can no longer be distinguished from the bulk by its fracture mechanism.
It is interesting to point out that for these high molecular weight PS and PMMA
samples, the aI at which this transition occurs is much closer to the rms end-to-
end distance between entanglements (rms end-to-end distance of a chain of mo-
lecular weight Me) in the bulk than to the radius of gyration of the chains.

Brown has proposed a simple model to calculate the amount of coupling by
entangled loops and found that, in the PMMA/random copolymer system, the
model predicted a higher toughness than that observed for narrow interfaces.
He suggested that this deviation could be caused by a decrease in entanglement
density close to narrow interfaces.

In principle these concepts should be generally applicable to any polymer
pair, so that one would be tempted to argue that a well-entangled polymer such
as polycarbonate should need only a very short interpenetration length to give a
strong interface with itself. However, one must keep in mind that the crazing
stress is likely to increase with the decrease in average molecular weight between
entanglements, effectively offsetting part of the advantage of having a smaller
Me. Furthermore, based on the results shown in Fig. 40, one cannot exclude that
two similar entanglement structures at the interface could have different abili-
ties to transfer stress.

A

B

interface

Fig. 42. Schematic of the loop structure of the chains at the interface that the fracture tough-
ness data suggests
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5.2
Random Copolymers at Interfaces Between Homopolymers

While using block copolymers is an effective method to increase the mechanical
strength of an interface between two immiscible polymers, it is not the only one.
Early experiments of Char and Brown [36] showed that random copolymers
could also be effective reinforcing agents. They used PS-PMMA random copol-
ymers containing 70% styrene at interfaces between PS and PMMA, and PPO
and PMMA. The maximum toughness obtained was ª90 J/m2 for the PS/PMMA
interface, almost a factor of 20 higher than the toughness of the bare interface.

Following these early studies, several groups have investigated more system-
atically the relationship between the molecular composition f of the random co-
polymer Af-r-B(1–f), the respective c parameters between the random copoly-
mer and the homopolymers on either side of the interface, and the fracture
toughness of the interface Gc. [26, 71–78]. In parallel to these experimental stud-
ies, theoretical arguments have been developed to account for the mechanical
reinforcement provided by the random copolymers.

While early interpretations of the experimental results focused on a picture of
the random copolymer weaving back and forth on both sides of the interface [79,
80], as shown in Fig. 43a, Milner and Fredrickson [81] later pointed out that long
random copolymer chains composed of monomers with a large interaction pa-
rameter should be immiscible with their respective homopolymers and there-
fore should collapse at the interface forming either: (1) a 2D phase-separated
structure at low values of S, as shown in Fig. 43b, or (2) a separate layer of A-r-B
sandwiched between polymer A and polymer B at high values of S, as shown in
Fig. 43c.

While the reinforcement effect at low areal density is still poorly understood
due to the occurrence of this 2D phase separation, at high coverage, the prob-
lem can be reduced to the replacement of a narrow interface by two wider ones.
The width aI of an interface between polymers A and B is given by Eq. (3),
where cA-B is the interaction parameter between monomers A and B. The ques-
tion is then to define a reasonable value of the interaction parameter between
the random copolymer and the two polymers on either side of the interface. In
the simplest case, where we are considering a Af-r-B(1–f) random copolymer at
the interface between homopolymers A and B, these equivalent interaction pa-
rameters can be written as:

crcp-A ª (1 – f )2cA-B (27)

crcp-B ª f 2cA-B (28)

In the presence of a thick enough random copolymer layer, the system is now
composed of two interfaces in series so that it is the weaker of the two interfaces
(i.e. the narrowest) which will control the failure process. The optimum tough-
ening is then expected to occur for f = 1/2 in this case, i.e. a symmetric broaden-
ing of the interface.
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This is indeed the case for the reinforcement of a PS/PVP interface with a se-
ries of dPSf-r-PVP(1–f) random copolymers with variable values of f [59, 75, 79].
The value of the fracture toughness Gc obtained for thick copolymer layers is
shown in Fig. 44 as a function of the average composition f. It clearly shows a
sharp maximum for a value of f close to 0.5, as predicted by the weakest link ar-
gument presented above. The situation becomes slightly more complicated how-
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Fig. 43. Schematic of the conformation of A-r-B random copolymer chains at the interface
between A and B homopolymers. a A single chain; b at low coverage (low S); and c at high
coverage (high S)
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Fig. 44. Fracture toughness of interfaces between PS and PVP reinforced by a thick layer of
a PSf-r-PVP1-f random copolymer. The pronounced maximum as a function of f reflects the
situation where crcp-PS = crcp-PVP. Data from [75]
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Fig. 45. Gc as a function of monomer ratio f for thick layers of PSf-r-PMMA1-f random co-
polymers at the interface between PS and PMMA. Clearly the optimum reinforcement is not
for f = 0.5 and reflects the composition dependent c between PS and PMMA. Data from [72]
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ever when PSf-r-PMMA(1–f) is used to reinforce interfaces between PS and PM-
MA. In this case the maximum in Gc is observed for 68% styrene content in the
random copolymer, as shown in Fig. 45 [72].

Measurements of the interfacial width of the interfaces by neutron reflectivity
[73] show that this composition corresponds to the situation where the interface
is symmetrically broadened. However, the simple approximation used to obtain
crcp-PS and crcp-PMMA no longer holds since cPS-PMMA is composition-dependent
in this case.

On a more careful analysis of the PS-PVP results, a further discrepancy be-
tween theory and experiment appears. While Eqs. (27) and (28) correctly predict
the location of the maximum in Gc, the value of crcp-PS for f = 0.5 should be about
0.025 based on a value of cPVP-PS of 0.1 [82]. An interface between two homopol-
ymers with such a value of c would have an interfacial width of approximately
30 Å and be very weak mechanically [67].

This discrepancy is partly due to the fact that random copolymers produced
by a batch free-radical polymerization synthetic method can have a significant
composition drift if the respective reactivity ratios of the monomers are differ-
ent.2 This means that the value of the parameter f is not homogeneous in the co-
polymer layer at the interface. In the PS-PVP case discussed above, the random
copolymers directly in contact with the PS or the PVP side of the interface at
equilibrium would be PS-rich or PVP-rich, respectively. This segregation of co-
polymer fractions to their preferred interfaces gives rise to a broadening of these
interfaces relative to the case of a random copolymer with a narrow distribution
of f values.

This effect has been clearly demonstrated by reinforcing a PS/PVP interface
with a thick layer of a 50:50 blend of PS0.77-r-PVP0.23 and PS0.25-r-PVP0.75.The
fracture toughness of such an interface was found to be ~100 J/m2 while each
one of these copolymers if used separately at the interface gave Gc < 5 J/m2. A
similar graded layer is probably formed when a high molecular weight PS-
PMMA diblock copolymer is used as a coupling agent between PS and PMMA.
When the annealing time is short, as c is small, the copolymer does not organize
at the interface, which is much tougher than expected for the organized diblock.
With extended high temperature annealing the copolymer organizes at the in-
terface and the toughness drops [34].

Another situation which has been investigated in some detail is that of an
Af-r-C(1–f) copolymer at the interface between A and B [76–78]. In this case the
two effective c parameters crcp-A and crcp-B are no longer dependent only on f
and cA-B but are very much determined by the respective interactions of the C
monomer with A and B:

crcp-A– = f 2cC-A and crcp-B = (1 – f)cA-B + fcC-B – f(1 – f )cC-A (29)

2 The hypothesis that a PS-r-PVP copolymer produced in a way that precludes composi-
tion drift would produce lower value of Gc (52.5 J/m2 vs. 150 J/m2 for f = 0.5) is confirmed
by recent measurements [70]; the data in Fig 40b are corrected for composition drift.
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By using these equations and with prior knowledge of the three monomer in-
teraction parameters, it is possible to predict the composition f giving rise to the
optimum broadening of both interfaces and therefore to the maximum in frac-
ture toughness Gc, as schematically shown in Fig. 46. Conversely, if some of the
interaction parameters are not known, the optimum value of f can provide infor-
mation on the missing c values.

In the specific case where A and B are PS and PVP, respectively, and C is po-
ly(styrene-r-4-hydroxystyrene), poly(styrene-r-4-vinylbenzamide) or poly(sty-
rene-r-4-vinyl-N-ethylbenzamide), the maximum of Gc as a function of f and the
locus of fracture are well predicted by Eq. (29) by using values of c parameters
obtained independently showing conclusively the effect of different A-C and B-
C interaction strengths. Interestingly, the strong rcp/PVP interface is not due to
a large attractive c between PVP and the polar monomer but rather to the very
large repulsive c between the PS and the polar monomer which tends to expel it
from the PS-rich-copolymer layer. This is a manifestation of the so-called copol-
ymer effect [83, 84] for inducing miscibility in polymer blends. It also appears
that the value of c at the symmetric broadening point (where crcp-PS = crcp-PVP)
increases with decreasing repulsive c between the polar C unit and the PS con-
sistent with the increase in maximum Gc.

Surface analysis of the fracture surfaces also show conclusively that the weak
interface is always the rcp/PS interface for values of f above the optimum and the
rcp/PVP for values of f below the optimum, as illustrated in Fig. 47.
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Fig. 46. Effective interaction parameters crcp-PS (—) and crcp-PVP.(- -) as functions of mono-
mer ratio in the copolymer f for a poly(styrene-d8-co-4-hydroxystyrene) where f is the mo-
lar fraction of 4-hydroxystyrene. The dotted line (c = 0.015) is the maximum value for
which a strong rcp/homopolymer interface is formed
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Fig. 47. Fracture toughness Gc (▲) at high copolymer coverage (saturation values), and
fraction of deuterium on the PS side of the interface after fracture (❏ ) at low copolymer cov-
erage, as a function of copolymer composition f. a Poly(styrene-d8-co-4-hydroxystyrene);
b poly(styrene-d8-co-4-vinyl-N-ethylbenzamide); and c poly(styrene-d8-co-4-vinylbenza-
mide). Data from [77]
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Since poly(hydroxystyrene) has the ability to hydrogen bond with PVP, one
could have attributed the reinforcement to specific interactions between PS(OH)
and PVP groups. However, this interpretation is not consistent with the low
toughness observed for low values of f. At long enough annealing times, a high
value of Gc due to the progressive diffusion of PS(OH) groups to the PVP inter-
face should have been observed if hydrogen bonding was important.

6
Reactive Systems

After considering systems where preformed copolymers are added at the inter-
face, a logical extension is to consider reactive systems where copolymers are
formed in situ at the interface. This method, which is widely used industrially, is
schematically described in Fig. 48. Several procedures can be used to achieve the
same goal but the general strategy is the following. A small amount of polymer,
functionalized with a suitable reactive group, is blended in one or both of the
homopolymers. The reactive group is usually incorporated either as a comono-
mer or as an end-group.

The reactive groups on both sides of the interface are chosen in such a way
that once they come into contact at the interface, they are able to mutually react,
form a strong chemical bond and remain pinned to the interface. The major
drawback of this method is that it is difficult to produce copolymers at the inter-
face that are both long enough to be well entangled with the homopolymer
phase on either side and dense enough (high S) to prevent failure by chain scis-
sion.

From the theoretical viewpoint the problem is rather complicated as it re-
quires a good understanding of both surface chemistry and polymer physics [39,
85–88]. While a detailed discussion of the interfacial reaction kinetics is beyond
the scope of this review, it is useful to outline the main stages of formation of the
interfacial copolymer layer. We will follow a published report [86] and consider
the common case of a dilute concentration of chains carrying reactive groups on
both sides of the interface, as schematically described in Fig. 49. At early stages
of the copolymer layer buildup, one expects the concentration of reactive groups
in the bulk near the interface to remain relatively constant so that the reaction
kinetics is controlled by the interfacial reaction rate. Hence, initially, the areal
density of chains formed, S, is expected to increase linearly with time. If the re-
action rate is fast enough, the characteristic time for this first process (given
roughly by the ratio of the diffusion coefficient over the square of the interfacial
rate coefficient) controls the concentration of reactive groups near the interface
which decrease significantly. If the reaction rate is slow, the copolymer areal den-
sity becomes sufficiently high to form a chemical potential barrier of the order
of several kBT for a new chain to graft and the areal density of copolymer chains
saturates before this characteristic time for depletion is reached. Under these
conditions diffusion never becomes the rate-limiting process. For fast interfacial
reaction, a depletion hole can form near the interface in the intermediate stage
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and the copolymer buildup will now be controlled by the diffusion coefficient of
reactive species to the interface so that S increases with t1/2. In the final stage, as
for the slow reaction case, the areal density of copolymer chains saturates. This
saturation regime is expected to occur when the coverage is of the order of:

Âsat ª b–2N–1/2 (30)

where b is the statistical segment length. An increase in N leads not only to a de-
crease in the reaction kinetics at low S under conditions where diffusion is not
the rate-controlling process [89], but also to a decreasing value for the areal
chain density at saturation. This N dependence of Ssat and of the reaction kinet-
ics makes it difficult to graft chains that are both sufficiently long enough to be

INTERFACIAL 
CHEMICAL REACTION

Fig. 48. Schematic of the interfacial reaction of reactive chains. Polymer chains on either
side of the interface contain functional groups that can mutually react together, effectively
forming a copolymer in situ
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entangled but also sufficiently dense to be above S* so that crack propagation
along the interface will involve crazing rather than only chain scission. It is
worthwhile pointing out that the interface cannot be supersaturated with block
copolymer in reactive systems since the existing chains prevent any further for-
mation of copolymer. However, if the chains are short enough, the interfacial
tension can be driven to zero before saturation occurs and an interfacial insta-
bility leading to the formation of a microemulsion occurs [90, 91].

Experimentally, also, reactive systems are much more complex than the pre-
formed block copolymer systems because, typically, the reactive species have a
distribution of molecular weights and may have several reactive groups per
chain. Then there is not only the issue of how much of the graft copolymer is
formed at the interface (S) but also of which species react, e.g. is there preferen-
tial reaction of low N species?

Since reactive systems have a great practical relevance, many attempts have
been made in recent years to adapt the techniques used for pre-made block co-
polymers to obtain more detailed information on the correlation between the
interfacial structure and fracture toughness. The simplest case is that of a dilute
solution of monodisperse chains with one reactive group per chain, located at
the chain end. In this case, the mechanical problem of reinforcement becomes
similar to that of single connector diblock copolymers discussed earlier. The im-
portant issues are then mostly related to the competition between grafting ki-

a)

b)

c)

φcopolymer

φcopolymer

φcopolymer

interface

Fig. 49. Schematic of a dilute concentration f of functionalized A and B chains diffusing
and reacting at the interface. a Initial situation; b reaction controlled kinetics; and c diffu-
sion controlled kinetics. Both situations can occur at different stages of the reaction process
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netics and diffusion of the reactive groups to the interface. In the case of dPS-
COOH chains reacting on an epoxy surface [38], Norton et al. found that the
grafting rate at the interface was controlled by reaction, not diffusion, and that
the maximum observed grafting density was strongly decreased as N of the dPS-
COOH increased. Epoxy stoichiometry mattered as the grafting reaction pro-
ceeded about ten times as rapidly if excess epoxy groups were present in the net-
work than if excess amine groups from the amine hardener were present [39].

In a different system with polydisperse reactive chains of maleic anhydride
end-grafted polypropylene (PP-g-MA) reacting on a polyamide 6 (PA-6), Bouch-
er et al. produced evidence consistent with a grafting rate controlled by the cent-
er-of-mass diffusion of PP-g-MA to the interface [92].

Other experimental studies have mostly focused on the relationship between
areal density of connecting chains and Gc or, if S could not be determined, on the
relationship between Gc and annealing time and temperature.

6.1
Reactive Polymers with Multiple Functional Groups

Although the telechelic functional polymers are very attractive from a funda-
mental point of view, their synthesis is often impossible. Much more commonly,
the active groups are incorporated in the chain either by a free-radical copolym-
erization with a small amount of functionalized comonomer or by functionali-
zation of the chain after polymerization in the presence of free radicals (typical
of the functionalization of the polyolefins). Either method generally produces
several reactive sites per chain.

In terms of mechanical reinforcement, the existence of multiple reactive
groups raises some specific questions. When multiple reactive sites are present
on the chain, an important question is the average number of those sites per
chain that actually react and how that affects the mechanical properties of the
interface.

Lee and Char [93] studied the reinforcement of the interface between an
amorphous polyamide (PA) and polystyrene with the addition of thin layers of
a random copolymer of styrene-maleic anhydride (with ~8% MA) sandwiched
at the interface. After annealing above the Tg of PS, they found significantly high-
er values of Gc for samples prepared with thinner layers of SMA than for the
thicker ones. They initially rationalized their results by invoking the competi-
tion between the reaction rate at the interface and the diffusion rate of the SMA
away from the interface. For very thick layers, and therefore also for pure SMA,
the reaction rate was much faster than the diffusion rate away from the interface
and favored therefore a multiple stitching architecture, as shown schematically
in Fig. 50. Such an interfacial molecular structure does not favor good entangle-
ments with the homopolymer and is mechanically weak.

When the layers of SMA were thinner, the measured fracture toughness in-
creased dramatically. Lee and Char argued that the diffusion rate away from the
interface becomes more and more important as the initial layer becomes thinner



Adhesion and Fracture of Interfaces Between Immiscible Polymers 125

and favors single stitching where only one reactive group reacts at the interface.
These conclusions are supported by experiments at different annealing temper-
atures which show that, at initial thicknesses of SMA smaller than 30 nm, Gc de-
creases with the annealing temperature while for thicker initial films, Gc increas-
es with the annealing temperature.

It should be noted, however, that in a later publication [94], Lee and Char
pointed out that SMA is significantly more brittle than PS and this could also ex-
plain the lower fracture toughness of interfaces where a thick layer of nearly
pure SMA is present close to the interface.

A similar study was undertaken by Beck Tan et al. on the adhesion between
poly(styrene-r-sulfonated styrene) and poly(2-vinylpyridine). In this case, how-
ever, the variable was the mole fraction of sulfonated styrene in the random co-
polymer [95]. The results of the maximum fracture toughness Gc vs. mole frac-
tion of functional groups are plotted in Fig. 51. The reinforcement shows a very
sharp maximum with degree of functionalization consistent with the multiple
stitching giving rise to short loops poorly entangled with the homopolymer;
however, in this case as well, the bulk properties of PS are modified by the pres-
ence of the styrenesulfonic acid and this could contribute to the decrease in Gc at
high levels of functionalization.

6.2
Interfaces Between Semicrystalline Polymers

While due to their well-known plastic deformation properties glassy polymers
provide excellent model systems for fracture studies, most engineering plastics
are semicrystalline. Nevertheless, the molecular mechanisms of reinforcement
of interfaces between semicrystalline polymers are much less well understood
and the first systematic studies on the subject have only appeared recently [16,
30, 96–99]. The reasons for this are mainly twofold:

PS

SMA

Fig. 50. Possible mechanism by which chains with multiple reactive sites can graft to an in-
terface. This example, which would be typical of a maleic anhydride functionalized poly-
mer reacting on a polyamide, shows on one side end-grafted chains and on the other side
of the interface, a loop structure. The effect of this loop structure on the mechanical
strength of the interface is not fully clear but loops that are too short will weaken the inter-
face
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– the polymers that do crystallize have typically a very stereoregular structure
and are consequently polymerized by coordination polymerizaton tech-
niques. These synthetic methods typically do not give a very good control of
molecular weight and block copolymers are much harder or impossible to
synthesize.

– the deformation mechanisms of semicrystalline polymers are much more
complicated than those for glassy polymers and typically depend strongly on
processing conditions.

Despite those difficulties, some reactive systems have been used to study the re-
inforcement of interfaces between semicrystalline polymers. Within the context
of interfacial fracture, the possibility of crystallization introduces two new im-
portant aspects that need to be taken into account when interpreting experimen-
tal data:
– the coupling between the formed block and the homopolymer can occur ei-

ther through entanglement or through incorporation of both chains in the
same crystallite.

– the microstructure of the polymer near the interface (highly dependent on
thermal treatment) will strongly influence the plastic deformation properties
of the polymer near the interface and therefore the fracture toughness.

A large proportion of the industrial applications of reactive compatibilization
are between polyolefins and polyamides and several studies have investigated
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Fig. 51. Fracture toughness of interfaces between poly(2-vinylpyridine) and poly(styrene)
containing a small amount of sulfonated PS. Gc is plotted as a function of the mole fraction
of PS which is functionalized. Data from [95]
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the effect of reactive grafting on the mechanical properties of phase-separated
blends of that type; specifically, the improvement in the overall toughness of the
blend due to the grafting and the stabilization of the size of the minority phase
are well documented. On the specific topic of mechanical reinforcement of pla-
nar interfaces, Bidaux et al. [97] and Boucher et al. [16, 96] have both investigat-
ed the reinforcement of interfaces between PA-6 (Tm = 225 °C) and PP (Tm =
160 °C) with PP-g-MA chains. In this system a small fraction (1–5%) of func-
tionalized PP chains are dissolved in pure PP and react at the interface with
amine-terminated PA-6 chains. While the first study focused on realistic
processing conditions (annealing temperatures of a few minutes) and correlated
annealing temperature with Gc, the second study focused on correlating the areal
density of copolymer chains formed at the interface with fracture toughness. An
additional study was recently published on the adhesion between an amorphous
polyamide and PP containing a small percentage of MA-functionalized chains
[100]. In this case the variables were annealing time, temperature and concen-
tration of functionalized chains in the PP.

In all three studies a clear increase in Gc was observed when the assembly was
annealed at least above the melting point of the PP, implying that the function-
alized chains indeed need to diffuse to the interface to react with the amine
groups of the PA. Boucher et al. [16] and Cho et al. [101] unambiguously proved
that a copolymer was formed at the interface as a result of the annealing proce-
dure, by dissolving the PA part of the assembly in a suitable solvent and per-
forming a surface analysis of the PP side. Contact angle measurements showed
the presence of PA on the PP surface even for short annealing times [101], while
XPS experiments allowed Boucher et al. [16] to determine in a quantitative way
the areal density of block copolymer chains present at the interface.

In this series of experiments, Boucher et al. showed that for end-functional-
ized PP chains (Mn = 22,000) grafted on the amine end-groups of PA-6, Gc µ S2 is
in excellent agreement with the model presented in Sect. 3. It is interesting to
note that, although the presence of crystallites must complicate the deformation
process, if the processing conditions are kept identical and the only variable is
the areal density of chains, the fracture toughness is accurately predicted by
Brown’s model. This result was further confirmed by a later study from the same
group [102] where reinforcement of the interface between a PP-based blend
(containing 70% weight of crosslinked ethylene-propylene rubber particles and
5% of the same PP-g-MA chains used in the previous study) and PA-6 gave an
identical scaling of Gc with S2.

The results of both studies are summarized in Fig. 26 and it is clear from the
data that the PP-blend system has a higher fracture toughness than the pure PP
system for all values of S. If one now plots on Fig. 26b the value of sfibril/sc for
both systems [using Eq. (24) and the value of d‡ obtained from fitting the PP/PA-
6 interface data to Eq. (19)], both data sets fall on the same line as one would ex-
pect for two systems which have the same interfacial structure but different val-
ues of scraze. The precise values of the crazing stress in a plastic zone are not di-
rectly known for PP and for the blend but the yield stress in tension was meas-
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ured at 22 MPa for PP and 4.2 MPa for the PP-blend, in very good agreement
with the observed difference in Gc. Furthermore, post-mortem optical and TEM
observations of the plastic zone under stress [30, 102, 103] (using a technique of
embedding the sample in epoxy under stress prior to staining and microtoming
described in Sect. 2) showed that, for both systems, the deformation at the inter-
face occurred by the formation of a localized plastic zone with a fibrillar struc-
ture only on the PP side of the interface (see Fig. 52a and 52b), in a very similar
way to what has been reported for glassy systems.

An important documented effect specific to polypropylene systems should be
mentioned here. Both groups working on the PP-PA-6 reinforcement [96, 97] re-

Fig. 52. a TEM micrograph of PP fibrils at the interface between PP and PA-6 [30]. b TEM
micrograph of PP fibrils close to the interface between PP-EPDM and PA-6 [102]. These mi-
crographs have been taken very close to the crack tip and show undoubtedly that the crack
was preceded by a craze-like structure with a fibril size similar to that observed in glassy
polymers
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ported that the interface increased dramatically in toughness when the anneal-
ing temperature was above the melting point of PA-6. While the exact nature of
this transition is not yet known, interestingly, it cannot be attributed to an in-
crease in areal density of chains since this quantity is independently measured
and does not specifically increase with annealing temperature. TEM observa-
tions of the plastic deformation zone at the crack tip show the appearance of dif-
fuse deformation ahead of the crack tip in the PP phase in addition to the main
cavitational plastic zone [30]. The crystalline microstructure near the interface
observed by TEM was however found to be identical for high and low fracture
toughness samples implying the existence of a difference in the efficiency of the
coupling at the molecular level. Since an opposite effect, i.e. a drop in Gc with in-
creasing annealing temperature, has been reported by Cho et al. in a similar sys-
tem [101] and attributed to a similar cause, more work is clearly needed to elu-
cidate the reasons of the anomalous behavior.

A different set of experiments provides us with more information on the mo-
lecular characteristics needed from the grafted chain. Duchet et al. [98] have in-
vestigated the fracture toughness of interfaces between polyethylene (PE) and
glass. In order to promote the adhesion between the glass and the PE, the glass
surfaces were previously covered with either end-grafted PE or poly(ethylene-co-
hexene) chains of various molecular weights or end-grafted long alkane chains
(C4 to C30). For grafted alkane chains, they found that Gc increased with SN2 con-
sistent with a simple chain pullout mechanism and with Eq. (8). For longer PE
chains, Gc increased markedly with the molecular weight of the grafted chain,
consistent with a fracture mechanism involving the formation of a plastic zone at
the crack tip. Two important conclusions could be inferred from their results:
– The most effective reinforcement was obtained with relatively long chains

(Mn = 32,500 g/mole) compared to the Me of PE (~1200 g/mole) which were
sparsely grafted (S ~ 0.001 chains/nm2).

– These effective chains only moderately cocrystallized with the HDPE matrix
implying that the crystallization of grafted chains together with the matrix
chains may not be a necessary condition for a good mechanical reinforce-
ment.

Obviously, these results are in apparent contradiction to results obtained on
amorphous systems (good adhesion for M/Me~ 5) and counterintuitive (why is
cocrystallization not needed), stressing the need for further work on systems
with a better controlled molecular structure.

7
Conclusions

From the main results presented in the preceding paragraphs two separate
mechanisms of reinforcement of the interface can be distinguished:
1. The formation of individual molecular connectors across the interface. The

effect of these connectors can be represented in terms of the two relevant pa-
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rameters, i.e. the degree of polymerization of the connector N and the areal
density of connectors S.

2. The formation of a buffer layer of variable monomer composition that effec-
tively broadens the interfacial region. Although in this case the parameters
controlling the mechanical strength of the interface are no longer independ-
ent, one can still consider the interfacial width aI and the degree of polymer-
ization N of the chains in this buffer layer as the controlling parameters.

With this in mind, it is useful to represent the expected fracture mechanisms at
the interface with maps. For individual connectors, the fracture mechanisms
map can be presented as a function of S/S* and N/Ne. This normalization then
takes into account two important material parameters of the bulk polymers
which will influence the fracture mechanisms map: the crazing stress scraze
(contained in S*) and the entanglement density (contained in Ne).

The map can be divided into four main domains, as shown in Fig. 53. For val-
ues of N/Ne<<1, the dominant mechanism of fracture will always be chain pull-
out and Gc will be given by Eq. (8). The N/Ne domain, where simple chain pullout
is active, decreases however with increasing S. The boundary between simple
chain pullout and crazing with chain pullout is given by:

(31)
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Similarly, for values of S/S*< 1 and N/Ne >1, the only possible failure mecha-
nism is simple chain scission without onset of crazing. These two failure mech-
anisms give low values of Gc of the order of a few J/m2 and thus are characteris-
tically observed for weak interfaces.

In order to increase Gc, two strategies are possible: either increasing N/Ne or
increasing S/S* in order to obtain a failure of the interface by crazing. The craz-
ing failure domain is broadly limited by the triangle shown on Fig. 53, with the
left boundary being given by Eq. (31), the lower boundary by the condition
S/S* = 1 and the right boundary by the value of Ssat/S* as a function of N/Ne.

The exact form of the right boundary limit, i.e. the limitation due to the max-
imum number of connecting chains that can be accommodated by the interface,
has been discussed in Sect. 4 and will depend on sample preparation conditions.
It is clearly, however, always a decreasing function of N which will intersect the
two other boundary lines.

At very high values of N, Ssat will be too low to activate crazing. This condition
will be expressed by:

Âsat fb < scraze (32)

At very low values of N, the pullout stress at S = Ssat will be too low to activate
crazing as well. This condition will be expressed by:

Âsat fmonoN < scraze (33)

Within the crazing regime one can further distinguish two subregimes: for
low values of N/Ne, the dominant failure mechanism within the craze will be
chain pullout with some chain scission. The amount of chain scission will in-
crease as N/Ne increases until for a value of N/Ne larger than about 5, the only
craze failure mechanism will be chain scission. This regime will give interfaces
with the highest values of Gc and the fracture toughness will be given by Eq. (18).

For practical reasons it would be clearly useful to extend the domain of max-
imum toughness to the largest possible range of values of S and N. Since the low-
er and left boundaries of the domain are system-independent, the only way to
extend the crazing/scission domain is to displace the right-side boundary given
by Ssat/S*. Let us examine how this boundary will shift when the two main bulk
parameters, scraze and Ne, are modified. For homologous systems one can expect
Ssat at constant N/Ne to vary as 1/Ne. Therefore, if the crazing stress of the
homopolymers does not change, a more tightly entangled system should give a
higher maximum fracture toughness than a weakly entangled system. This is ap-
parent from Fig. 32 where the PMMA system gives higher maximum values of Gc
than the PS-based system. However, the crazing stress of the polymer may also
change with Ne and should, broadly speaking, increase with decreasing Ne. Some
of the advantage of reducing Ne may therefore be offset by an increase in crazing
stress.

A similar fracture mechanisms map can also be drawn for interfaces effec-
tively broadened by a buffer layer. In this case we assume that the buffer layer is
laterally homogeneous. As shown in Fig. 54, several different fracture mecha-
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nisms can be observed as well. In this case, however, the y-axis is no longer an
areal density of connectors but an interfacial width aI normalized by the average
distance between entanglement points de.

For low values of N/Ne the interface gives very low values of Gc since the pres-
ence of a low molecular weight layer at the interface, regardless of its thickness,
will promote disentanglement and prevent a stable craze from forming. This sit-
uation is often referred to as a weak boundary layer and is analogous to the re-
sults discussed in Sect. 3.6.

For a very narrow interfacial width regardless of the value of N/Ne, the inter-
face will be weak as well. This is the case for strongly immiscible polymers where
interpenetration at the interface is insufficient to activate crazing and corre-
sponds to regime I of Fig. 40.

For higher values of aI /de, the failure mechanism becomes crazing. Within the
crazing regime one can then define four subregimes:
1. low N/Ne and low aI /de: In this case the failure of the craze is essentially by dis-

entanglement. This is the regime where interfacial width and molecular
weight are most closely coupled and where quantitative prediction or mode-
ling is most difficult.

2. low N/Ne and high aI /de: In this regime the toughness of the interface is indis-
tinguishable from that of the bulk polymers, which is, however, N-dependent
[104].

3. high N/Ne and low aI /de: This regime corresponds to regime II of Fig. 40 and
the fracture toughness Gc is only dependent on interfacial width.

ai/de

N/Ne1

1

simple chain scission and pullout

4-5

crazing 
failure with some 
chain pullout

crazing 
failure by 

chain scission

w
ea

k
 b

o
u
n
d
ar

y
 l

ay
er

bulk toughness

N-dependent

bulk toughness

independent of N

Fig. 54. Fracture mechanisms map for interfaces between glassy polymers as a function of
normalized degree of polymerization N/Ne and normalized interfacial width aI/de
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4. high N/Ne and high aI /de: This is the case where a molecular weight independ-
ent bulk toughness is recovered.

The precise location of the boundaries between these regimes is not yet com-
pletely clear experimentally but it is very likely that for high N/Ne the boundaries
should be independent of N and related to the average distance between entan-
glements, while for low N, the boundaries should be N-dependent and more re-
lated to the radius of gyration of the chain, as extensively discussed by Wool
[104].

We have shown that the fracture toughness of interfaces between polymers is
dependent on the molecular structure at the interface as well as on the bulk
properties of the polymers on either side of the interface. This relationship is
now relatively well established for glassy polymers and the main results are sum-
marized in Figs. 53 and 54, as well as in Sects 3.2–3.5. However, these results
should be used with caution when the polymers on either side of the interface
are rubbery or semicrystalline. The stress-transfer mechanisms, and in particu-
lar the role of the entanglements, will be very different from those observed for
the glassy polymers and only preliminary data are currently available on those
systems. In principle, fracture mechanisms maps analogous to those depicted in
Figs. 53 and 54 could be drawn for these systems but the relevant parameters are
not yet as clearly identified.

Among future challenges in this area of research one can mention:
– The molecular requirements for effective stress-transfer at interfaces with

semicrystalline systems.
– The understanding of the interfacial control of crack tip plasticity for systems

where the dissipation is no longer confined to a localized cavitational zone
but is diffuse or away from the interface.

– The role of the phase angle y and of the finite size of the sample on the initi-
ation of plasticity mechanisms. While it is widely recognized that there is
such on effect, it is still very poorly understood and will require further close
collaboration between the solid mechanics community and the physics and
materials science community.
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Recent developments in gel research are reviewed with emphasis on the gel point problem.
We will describe in due course how the gel point equation can be deduced from first princi-
ples. First we review briefly the industrial development of gel science in Japan (Sect. 1) and
a central aspect of the classical theory of gelation (Sect. 2). In Sect. 3, we survey the progress
on the excluded volume problem from the author’s point of view. In all respects, this theme
is, now, too biased to physics and hence beyond the scope of this review; while it is an es-
sential subject to understand the nature of the gel point. Regarding the excluded volume
problem, a recent interesting idea is the screening effect. This notion of screening is a dif-
ferent interpretation of the Flory excluded volume theory, but takes us into advanced phys-
ics. For instance, the behavior of a branched molecule in the melt becomes comprehensible
in a natural fashion. In Sect. 4, we mention cyclization in branching media. Like the prob-
lem of volume exclusion, the cyclization problem has not been solved rigorously. The most
troublesome aspect with cyclization is that there is no way to enumerate the combinatorial
number of branched molecules with rings. On the other hand, the mathematical framework
for the general solution has already been given. In this article we will mention the limiting
solutions of  for real systems and of  for the lattice model. What is important is
that these limiting solutions are by no means useless, fictitious entities, but have real mean-
ings. By analogy with the  case, we can put forward the general relation, [
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for gelation conditions, where [
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] represents the total ring concentration; this is the basic
premise of the gel point theory developed in Sect. 6. Through these analyses, essential dif-
ferences between real gelations and the percolation model are brought into sharp relief
(Sect. 5). The gel point theory starts from the obvious equality: ,
where  represents the gel point,  the extent of the intermolecular reaction alone
at the gel point and  the corresponding quantity of cyclization. Then, according to
some definitions, fundamental equalities for gel points can be deduced for all the models of
real systems and the percolation model. The problem of seeking a gel point for a given sys-
tem thus reduces to the problem of finding a solution for the corresponding fundamental
equality. To solve the equalities, we introduce two main assumptions: (1) random distribu-
tion of cyclic bonds, and (2) that the ring distribution functions can be expanded about

, where  is the gel point for the ideal tree model. Under these assumptions, we
can derive analytical expressions for gel points as functions of 
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 (space dimension); that is, . In Sect. 7, the theoretical
equations thus obtained are compared with experiments. The result shows that the theory
recovers well the points observed by Flory, Weil, and Gordon in all the regimes of .
The corresponding expression for the percolation model is found to agree well with simu-
lation experiments in high dimensions, but fails in low dimensions. The discrepancy in low
dimensions is analyzed in light of the critical dimension concept. One possible explanation
is that the above-mentioned assumptions (1) and (2) do not work below .
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G gamma function
[G] total ring concentration in mol/l, [G] 
jj relative cyclization frequency of j-chains to intermolecular reac-

tion
k mole ratio of B-type functional units to A-type functional units
l eigenvalue
n exponent of the radius of gyration
x number of bonds per repeating unit
P osmotic pressure
q exponent of the number of lattice animals
Q Flory temperature where attractive force and repulsive force exact-

ly balance
r exponent expressing solvent size
s reciprocal of the classical critical point
y generating function of number of branching units
z dummy variable

1
Introduction

The science of gel materials is a rapidly developing field. This new branch of sci-
ence dates back to the 1930s when Carothers’ series of papers [1] on synthetic
polymers was published; 10 years later, in 1941, the first theoretical work by Flo-
ry appeared [2]. Setting an independent Chapter on Polyfunctional Reactions
and Non-linear Polymers in his review article entitled ‘Polymerization’ published
in 1931, Carothers remarks, “polymerization is not limited to bifunctional com-
pounds; if one of two reactants contains polyfunctional groups, the product will
be not a simple chain, but a more complicated structure; the reaction first leads
to the formation of a soft, soluble, thermoplastic resin; this, on being heated, fur-
ther yields a hard, insoluble resin which is completely lacking in thermoplastic-
ity.” Today we know that the observed loss of thermoplasticity is intimately con-
nected with the appearance of an infinite network called a gel molecule. Thanks
to the remarkable insight of Carothers, today we can still enjoy continuous ex-
citement with this growing science. 

The research and development in this field in Japan began in 1930s before
World War II: The development in Japan progressed in a rather different way,
where like the situation in Europe of that time, owing to the extreme shortage of
materials through before and during World War II, the nation’s policy inevitably
concentrated on the production of the commodities such as clothes. As for
clothes, for most Japanese all fabrics had to be like silk; smooth to the touch, viv-
id to dye, lustrous and colorful. Along this requirement the textile called Viny-
lone with silky touch and high moisture absorption was invented [3] and soon
manufactured on an industrial scale in 1939 by means of the addition polymer-
ization of vinyl acetate followed by hydrolysis of the acetyl moiety, then treated
with formalin solution. Although the polymerizability of vinyl acetate itself was

= [ ]=

•Â NRj j1
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discovered by the German chemists Herrmann and Haehnel [4,5] in 1927, re-
search and development after that was pushed forward in Japan through 1930s
under the leadership of a Japanese engineer Lee. This new textile met, if not suf-
ficiently, the people’s need. Really, for the Japanese of those days, Vinylone was
almost equivalent to clothes. It was straightforward to convert this material into
the three-dimensional network resin called “Vinylone S” using a small amount
of dialdehyde as cross-linker in place of formalin; thus leading to the first indus-
trial gel material made in Japan; today, Japan is the sole manufacturer of Viny-
lone in the world.

When we look back again at those works done in the early times, we note that
nothing was suggested to make one foresee the present great prosperity of gel
science, but that the essential characteristics of gel materials, that afterwards at-
tracted so many talented researchers to this new frontier, were clearly manifest-
ed; e.g., sudden change occurring from fluid sol to infusible gel (sol-gel transi-
tion); most of the unreacted functional units (FU’s) being still present inside a
gel (divergence of fluctuation at the gel point); resins being often amorphous in
contrast to linear polymers (network structure). These observations of the early
researchers became the basis for the theoretical development of modern gel sci-
ence.

The main purpose of this article is to introduce the recent advances concern-
ing the gel point problem. The author would like to mention not only new ap-
proaches, mainly those developed in the author’s laboratory, but also those lim-
itations with a great expectation to future theories, since the author believes that
all theories are only temporary and will be replaced by more general and com-
prehensive ones.
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Fig. 1. Synthetic scheme of Vinylone S. The first synthetic fiber in Japan
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2
Classical Theory of Gelation

With deep physicochemical insight, Flory carried gel science further [6]. To
translate the complicated structure of gel molecules into comprehensible math-
ematical languages, he introduced three main assumptions: (i) equireactivity of
functional units (FU’s), (ii) no ring formation, and (iii) no excluded volume ef-
fects, thus simplifying the involved network structure to a plain tree model. Un-
der these assumptions, Flory was able to deduce, using probabilistic arguments,
the important two quantities, the gel point expression and the size distribution;
in doing so, he laid the foundation of the classical theory of gelation. 

The Flory theory was refined with greater generality into a sophisticated
mathematical framework by Good [7] who independently established the beau-
tiful theory of the branching process, later to be called the cascade formalism.
Let us take a look at the power of this mathematical method. Consider the
branching reaction of no rings. The essence of this formalism is to write down
the generating function [8–10]:

(1)

Consider the branching process of the  model. In this model, clear-
ly . Thus Eq. (1) can be written as

(2)

Moreover, one can put

(3)

where px is the number fraction of x-clusters. From Eqs. (1)–(3), many impor-
tant quantities such as the weight average degree of polymerization  and
the Z average degree of polymerization  can be deduced. For instance,

 can be calculated via

, (4)

where the symbol ’ denotes the differentiation with respect to u. An important
point is to note the equivalency of Eq. (3) with the equation:

, (5)
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where D is the extent of reaction of B-type FU, which is equivalent to the ratio of
the total bond number to the possible bond number. With Eqs. (4) and (5), one
immediately recovers the Flory result:

. (6)

Now let us make a slight modification of Eq. (3) (which is due to Kajiwara
[11]):

, (7)

where ,  denotes the number of branching units
in the jth generation on an x-tree,  is a dummy variable, and

. (8)

With the recurrent relationship  in mind,

. (9)

Following Good, we apply the Lagrange theorem to Eq. (9) to get

With the aid of the expression of the number fraction of x-clusters
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while by Eq. (7)

. (11)

Comparing termwise the coefficients of  of Eqs. (10) and (11), we have the
expression for the number of branching units in the jth generation on an x-tree
[11]:

, (12)

which satisfies  for all f ’s  and x’s , as expected. 
Eq. (12) represents an average profile for x-clusters (Fig. 2), and was first

found by Kurata for the R – Af model through the combinatorial argument [13].
In Fig. 2 is shown a typical cluster profile for an x = 100 tree as a function of the
generation [14]. The derivation of Eq. (12) is one of major accomplishments of
the classical gel theory.

In return for introducing the basic assumptions (i) to (iii), the classical theory
thus furnished the beautiful mathematical formalisms for (1) the gel point, (2)
the molecular weight distribution in sol phase, (3) the gel fraction, and (4) the
molecular profile as mentioned above. At first sight, the classical theory may ap-
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pear to be an unrealistically oversimplified model because of the neglect of ring
formation and excluded volume effects. For this reason, it has been long criti-
cized by physicists. As deeper understanding gradually permeates, however, new
aspects of the classical theory became manifest themselves. Today, we have come
to understand that the classical theory actually dealt with a hypothetical limit of
infinite concentration ( , Sect. 7) where all ring formations and excluded
volume effects should vanish rigorously. It has established a standard state of the
gel science equal to the relationship of the ideal gas to the real gas. Nowadays, to
learn the central concept of the classical theory is an essential step for young re-
searchers to make contributions in this field.

3
Excluded Volume Problem

The notion of excluded volume dates back to the van der Waals formulation for
the behavior of real gases [15], the equation of which reads

, (13)

where a represents the interaction energy between molecules and b the molar
excluded volume of a gas molecule. In the classical mechanics, an atomic image
is captured as a hard sphere, an incompressible and elastic object. Within the
framework of this classical picture, it can be proven that the constant b is exactly
equal to four times the real volume  calculated with the atomic radius r,

.

Although atomic radii are roughly proportional to the atomic numbers, in ac-
cord with the hard sphere model of atoms, such a classical picture is not consist-
ent with our observations. We know today that atomic radii are actually mean ef-
fective radii variable depending on surrounding electric fields and the nature of
chemical bonds, which is exemplified in the example of nitrogen, N, atom (atom-
ic number 7; ) and oxygen, O, (atomic number 8; ), namely

 in reverse order to the atomic numbers, an incomprehensible
aspect of atomic entity being manifested [16]. When the excluded volume con-
cept of gas molecules is transposed to polymer science, the same problem
should arise. Under such circumstances, it is inconceivable that someday one
can acquire a complete theory for the excluded volume problem; indeed, mod-
ern science does not take such a microscopic standpoint, but instead seeks a so-
lution of more simplified models, namely, the beads model, the lattice model,
the hard rods model, and so forth. Even for such drastically simplified models,
the excluded volume problem of polymer molecules cannot be solved exactly.
Although in this strict sense we are far away from the final end, recent develop-
ments in this field are unveiling most of the essential features of the excluded
volume problem.
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The excluded volume of large molecules changes from solvents to solvents,
depending on concentration, temperature and so forth. Now expand Eq. (13)
with respect to  to yield: 

. (14)

with . The coefficient of the second term expresses two body interac-
tions. At  the attractive force and the repulsive force exactly cancel each
other out. This is the notion of the Boyle temperature in which the two body in-
teractions apparently vanish. Now convert the variables as , ,
and we have the corresponding expression of the osmotic pressure for the mac-
romolecular solution:

. (15)

with c being the weight concentration . The first term comprises the van’t
Hoff equation [17]. If we deal with a dilute polymer solution, the terms higher
than the third may be disregarded. Thus, the excluded volume problem focuses
in substance on the study of the second term. A major difference of polymer
molecules from gas molecules is in their geometrical profiles, the latter being
well approximated with a spherical model, whereas the former are composed of
a large number of monomer units thus forming a very long string molecule. This
difference in geometry is the essence of excluded volume effects in polymer mol-
ecules. Thus, it follows that the excluded volume problem in polymer molecules
deals with the interaction among monomers within the same molecule.

3.1
Excluded Volume Effects of Chain Molecules

The excluded volume problem of polymer chains was taken up early in 1943 by
Flory [6]. His arguments based on the chemical thermodynamics brought the
conclusions: (i) the existence of the Flory point (Q point) where two body inter-
actions apparently vanish, and (ii) that in non-solvent state chains behave ideal-
ly.

Afterwards, his central concept was recast by physicists into a more intelli-
gible mathematical language [18–20]. According to their arguments, consider
a polymer molecule in the dilute limit, and suppose that the molecule obeys
the Gaussian statistics. Then give individual configurations the weighting fac-
tor  depending on the force of the pair interaction. The resulting config-
urational ensemble will be that of an excluded volume chain. This is the es-
sence of the Flory excluded volume theory. Now all we should do is to write
down the end-to-end distance probability distribution in terms of a partition
function Z:
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, (16)

where U(r) denotes a local potential energy among monomer pairs in specific
configuration, and Sd a surface area of a d-dimensional sphere. In the simple
hard sphere model (an athermal model) to which Q = 0 corresponds, U(r) has
the form:

with a being a sum of radii of two interacting molecules. More realistically, U(r)
should be taken as a monotonous function of r. The partition function of the po-
tential energy terms is summed over all configurations which have the common
end-to-end distance, r.  measures a fraction of configurations without
excluded volume effects, while Z satisfies:

.

Unfortunately, one cannot evaluate individual potential energies over all con-
figurations. To resolve this difficulty, the following approximation is introduced:

, (17)

where 

, 

 is the number of monomers on a one dimensional length, � and satisfies N =
�d, and v is a dimensionless coefficient called an excluded volume parameter. Or
one can write
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The approximation Eq. (17) summarizes the essence of the Flory theory,
where local fluctuations are averaged out and replaced with a mean potential 
[19–20].

The partition function is correlated with the Helmholtz free energy via

. (18)

The force balance between the attractive force (entropy term) and the repul-
sive one (potential term) is attained at the most probable configuration corre-
sponding to the minimum of the free energy, A. To find the solution, differenti-
ating Eq. (18) with respect to r, and putting , we have

, for a large N. (19)

Recall that we have made an assumption of the Gaussian statistics for ,
so that . Substituting this into Eq. (19), we have

(20)

By the assumption,  for the large N limit, and thus

, (21)

which was put forward by Fisher on the basis of the Flory argument [18]. 
The Flory theory, to be sure, ignores the clustering of molecules. Indeed, his

theory can be regarded as a polymer version of the van der Waals formulation
where no concentration fluctuation is taken into account. In spite of its simpli-
fied argument, the Flory theory includes profound physics and agrees remarka-
bly with experiments, giving exact values  for d = 1 and  for d = 2,
respectively, and giving  for d = 3 very close to the observed value 0.588
[21]. The Flory theory was challenged by many theoretical physicists to improve
on the mean-field character. To our surprise, more sophisticated mathematical
treatments [22–23] as well as numerical calculations [24–25] arrived at the same
conclusion shown by Eq. (21). To date, no one has so far surpassed this achieve-
ment of Flory. A prominent consequence of the Flory-Fisher theory is that Eq.
(21) predicts a critical dimension [20] above which the Gaussian behavior ap-
pears. For the present case, the Gaussian exponent  is recovered at 
implying the critical dimension, ; the classical behavior is expected to
work for all dimensions of . The Flory-Fisher prediction was confirmed by
simulation experiments on lattices [26].
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3.2
Excluded Volume Effects of Branched Molecules

A major difference of branched molecules from chain molecules is that more
units are bound together and compressed into a very narrow space around the
center of gravity. Hence, an immediate supposition is that in order for the mon-
omer-monomer interaction to balance with the monomer-solvent interaction
and the entropy force, and for the excluded volume effects to vanish, more at-
tractive force between monomers are needed than is the case of chain molecules.
Now we will focus our attention on concentrated systems such as non-solvent
systems. An interesting idea is the influence of ‘solvent’ size on the osmotic pres-
sure (screening effect) [19].

Consider a pair molecules in a polymer melt, and imagine a hypothetical sit-
uation of the osmotic pressure of polymer molecules; namely we replace solvent
molecules with polymer molecules, and polymer molecules with solvent mole-
cules. Let n be the mole number and u the volume fraction, and statistical ther-
modynamics gives

, (22)

(23)

the subscript s and p denoting solvent and polymer respectively, and

.

n

Fig. 3. Pair interaction is screened by other molecules
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with n being the degree of polymerization of polymer molecules. Since we are
seeking the osmotic pressure for polymers, we differentiate Eq. (22) with respect
to np. And from the thermodynamic relation (Vp is the molar volume of poly-
mers)

one has

, (24)

The first term in Eq. (24) represents the ideal term. If we consider an athermal
system, it is sufficient to take into account the entropy mixing alone so that .
And we have an important implication with the second virial coefficient A2

1:

. (25)

Like the Debye-Hückel shielding theory for the interaction between bare
charges [27–29], the repulsion between monomers is effectively screened by oth-
er molecules, in proportion to the reciprocal of the molecular weight of sur-
rounding materials (Fig. 3). Given the suggestion by Eq. (25), it appears reason-
able to write the potential energy term of branched molecules corresponding to
Eq. (19) in the more general form:

. (26)

For a monodisperse melt,n = N, whereas for the dilution limit, n = 1. In gen-
eral, one may write , which leads to

whence

, (27)

1 This n–1 dependence of the second virial coefficient has been already predicted in the
Flory excluded volume theory [6]: let a be the expansion factor of a chain molecule and
Vs the molar volume of solvents. Following Flory, one has

,

where  is a coefficient. For a monodisperse melt,  and . One has then
, so that as , . In the absence of solvent, chains are nearly

ideal.
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where  is the exponent for ideal molecules. Eq. (27) is the Isaacson-Lubensky
result [30–32] based on the Flory concept and the screening idea. Eq. (27) neatly
recovers the foregoing result 

 

for a single linear chain in the dilution limit, and gives 

for a monodisperse branched melt. 
Eq. (27) leads us to the aforementioned singularity concept, the marginal di-

mensionality, above which the excluded volume effects suddenly vanish: For in-
stance, for a branched molecule in the dilution limit ( ), Eq. (27)
gives 

57which recovers the classical value, , for , thus  being sug-
gested.

The Isaacson-Lubensky prediction [32] was confirmed by means of the enu-
meration of bond animals by Gaunt [33]. The shift of the excluded volume mol-
ecule to the ideal molecule is really a phase transition and not an asymptotic
phenomenon [26, 30–35]. This aspect is again encountered in Sect. 6 and 7 in the
context of the estimation of the gel point.

3.3 
Numerical Estimation

Modern theories do not solve analytically the excluded volume problem, instead
they pursue the same problem from different angles. This is because the exclud-
ed volume problem is placed as a category of typical many body problems [36],
hence an intractable one. In spite of such a situation, there is an approach to per-
sistently seek closed solutions of the excluded volume chain. Following this
trend, some empirical formulations have been put forth for the limiting case of

 [37–41]. The most successful one is that of the des Cloizeaux type equa-
tion, written by the form [41]:

(28)

with  being an absolute length of the end-to-end distance rescaled as
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.

n and g are the exponents of the mean end-to-end-distance  and the
number of self-avoiding walks , respectively. Because of the scale con-
version, the normalization constant and K can be determined by way of the con-
dition:

.

Using the best numerical values of  and  (hence, 
and ), and with the help of a technique of the pivot algorithm, Valleau
[41] could show that the empirical equation remarkably well fits the Monte Carlo
simulations on a 3d-lattice, in support of the conjecture for a simple closed form
of the excluded volume chain in the asymptotic limit, .

In Fig. 4, the conformational behavior of the excluded volume chain (d = 3)
represented by Eq. (28) is drawn as a function of the rescaled end-to-end dis-
tance to be compared with that of the Gaussian chain. As one can see, the self-
avoiding walk does not very much differ from the Gaussian statistics. In the vi-
cinity of r = 1, the difference is only ª 10%. Thus, replacing real chains (d = 3)
with the Gaussian chain is never a poor approximation. However, what is impor-
tant is that the difference revealed in Fig. 4 between the excluded volume chain
and the Gaussian chain does not disappear even in the limit of . In this
real world (d = 3), one can never fit real chains to the Gaussian chain by properly
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altering the steric profile of structural units. The magical fit occurs above the
critical dimension.

3.4
Conclusions 

The essential argument of the Flory excluded volume theory is that pair-pair in-
teractions can be well described by the mean potential energy, , just like the
van der Waals theory of real gases, so that the fraction of configuration reduces
by the portion, . This reasoning of Flory was remarkably successful for
chain molecules. It was found that, when combined with the screening concept,
the Flory argument can be generalized to include branched molecules, giving
the general relation of the exponent of the gyration radius: 

, 

where  is the exponent of the ideal molecule, d the space dimension, and 
for the dilution limit and  for the melt. The equation predicts the existence
of the critical dimension above which the ideal molecule emerges. In Flory’s
days, there was no concept of dimensionality, and no one was aware of this re-
markable consequence. The profound implication of the Flory argument was
discerned later by physicists. 

4
Ring Formation

In this section, we derive ring distribution functions in the sol phase of real
branching reactions to show how this result can be applied to the estimation of
gel points in real systems. Although we push forward our argument taking a
polycondensation as an example, the basic concept is, of course, applicable to all
types of polymerizations as well.

A branching reaction proceeds either via an intermolecular or an intramo-
lecular reaction. As far as the amount of rings is concerned, an important quan-
tity is the relative velocity of cyclization to intermolecular reaction [42–46], and
not the absolute ones.

Consider a chemical transition of a functional unit (FU) from an unreacted
state to a reacted state, i.e., a single event of a bond formation. In place of the or-
dinary statistical description of the time transition, , we consider the
bond transition,  bonds [47]. This replacement is made simply because of
physicochemical convenience. The expected fraction of a j-ring at this minute
interval per unit bond formation ( ) can be expressed as

, (29)
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where  denotes a total velocity of forward reactions for all intermolecular
pairs and  for a total velocity of ring formation for all chains so that 

; 

 and  are the corresponding velocities of the backward reactions. Now ex-
press u with the dimensions [mole · sec–1]; then the above probability can be
equated with the mole fraction of j-rings to be formed during the minute inter-
val . One can thus formulate [47]

. (30)

Let M0 be the total number of monomer units in the system. The extent of re-
action, D, can be related to the total bond number i by the equality:

. (31)

Substituting Eq. (31) into Eq. (30), and replacing the difference equation with
a differential equation, one has

, (32)

with . Eq. (32) is a fundamental equality of j-ring concentration. Now
the problem to seek a ring distribution function in real polymer solutions has
reduced to a problem to solve Eq. (32). Eq. (32) is a general expression that con-
tains all information about ring formation in reversible and irreversible branch-
ing processes. Unfortunately, in general Eq. (32) can not be solved exactly; even
for the most elementary rate equations of u and u, Eq. (32) does not yield an an-
alytical solution. To date, only some asymptotic solutions has been found [47–
49].

4.1 
Cyclization in Real Systems

4.1.1
R-Af Model

Consider a case where all backward reactions are null (u = 0) and the relative cy-
clization rate is negligibly small; this special system corresponds to an irrevers-
ible case in an infinitely concentrated solution ( ). Eq. (32) then reduces to
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, (33)

The only task we should do is to estimate  and . Let us confine ourselves
to sufficiently slow reactions as compared with the diffusion process so that the
mixing is so perfect as to excuse the approximation of quasi-static changes.
Then,  is simply given by the product of the cyclization probability � of a j-
chain and the total number of chances, , for j-ring formation

, (34)

where I is a coefficient and the exponential term represents the probability due
to the energy difference between the reactant and the transition state. � is the
probability of one end of a j-chain entering a small volume u of the radius �
around the other end of the same chain, but is different from the ring closure
probability Pcy. Quite generally, � can be written in the form:

, (35)

where Sd is the surface area of a d-dimensional sphere and  is the proba-
bility of the end-to-end distance of a j-chain lying between r and dr. For the
Gaussian statistics, � can be reformulated in the form:

, (35’)

where we have used the relation, , and  denotes an incomplete
Gamma function defined by 

.

To derive the total number of chances, , for j-ring formation, let us consider
an m-tree of the R-Af model which has m unreacted functional units (FU) in the
root (Fig. 5).

Let N(A)j be the number of A functional units in the jth generation and D the
fraction of reacted FUs. As one can see in Fig. 5, there are f – m reacted FUs in
the root (the first generation), (f – m) (f – 1) FUs in the second generation, (f –m)
(f – 1) (f – 1)D FUs in the third generation, and so forth. it is easy to infer by in-
duction that 
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Let Mi be the number of branching units that has i unreacted FUs. The distri-
bution of {Mi} is the binomial one. The number of branching units that has m
unreacted FUs is therefore 

. 

We can now express the number of chances of cyclization for j-chains:

,

which leads to

. (36)

With Eqs. (34) and (36), the rate of cyclization of j-chains can be written in the
form:

. (37)

Then let us proceed to formulate the rate of the intermolecular reaction. The
probability of a given unreacted FU on a branched molecule entering a small re-
gion around a FU on the other molecule is , and there are

 such intermolecular pairs. The rate of intermolecular reaction
therefore becomes
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Fig. 5. A schematic representation of an m-tree that has m unreacted FUs in the root (R –
Af model)
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, (38)

whence we have the asymptotic expression for the transition probability from
i –1 to i bonds: 

, (39)

where  is the cyclization frequency of a j-chain relative to the intermo-
lecular reaction, and  denotes the initial monomer concentration.
Substitute Eq. (39) into Eq. (33), then integrate with respect to D and we arrive
at the solution of the ring distribution function in real polymer solutions:

(40)

with . As one can see in the above derivation, Eq. (40) is valid
for all space dimensions. This aspect of Eq. (40) is never trivial, as will be en-
countered in Sects. 6 and 7 in connection with the estimation of gel points.

4.1.2
R-Ag + R-Bf-g Model 

In the same way, one has the solution for the R–Ag + R–Bf–g model:

, (41)

where the subscripts A and B denote A and B FU, respectively.

4.1.3
Ag-R-Bf-g Model

This model is somewhat different from the other models due to the existence of
an extra factor  and shows a characteristic behavior inherent to this model.
So, the derivation is worth mentioning[47–49].

Consider again the m-tree which has m unreacted FUs in the first generation,
and note a transit from the (j – 1)th generation to the jth (see Fig. 6). As is seen
from the illustration, a single A FU bears g A’s and f – g – 1 B’s, while a single B
FU bears g – 1 As and f – g Bs. The numbers of A FU and B FU in the jth genera-
tion then satisfy the recurrence relation of the form:
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which can be rearranged in the matrix form:

.

Now we write this in the form:

,

which gives

, (42) 

with .
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The solution of Eq. (42) directly follows the Hamilton-Cayley theorem, the re-
sult being

. (43)

e1 and e2 are eigenvalues of the square matrix  that satisfies

where , 
from which one finds

, (44)

where 

. 

From Eqs. (42)–(44), one has the expression of the numbers of FUs in the jth
generation:

Note that  is the number of B FUs on a single m-tree, and the probability
of finding an m-tree in the system again follows the binomial distribution. There
exists M0 such m-trees in the system. Hence, the total number of chances, , for
j-ring formation can be calculated via

,

which gives
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where . 

With Eq. (34), the cyclization rate can be expressed as

,

while the intermolecular reaction rate is

.

Now substitute these rate equations into

, (33’)

and one arrives at the asymptotic solution of the total ring concentration for the
Ag-R-Bf-g model:

[G]

(47)

where  is a factor specific to the Ag-R-Bf-g model which has the form: 

.

It is often useful to express Eq. (47) in another form:
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Finding the Gel Point. Let us inspect how the gel point formula can be found
from the above results. According to the definition, at the gel point an infinitely
large cluster emerges, so that the total chances of j-ring formation must diverge,

.

From Eq. (46) it follows that

giving the gel point

. (48)

These are the familiar classical gel points and have already been derived by
Spouge [48] in a different context. The result of Eq. (48) is a quite natural conse-
quence, since we are dealing with the hypothetical situation of an infinitely con-
centrated solution where the ring fraction is infinitely scarce so that the ideal
tree model practically applies.

A curious feature of the Ag-R-Bf-g model is that it apparently possesses two
critical points. But one of them is in fact physically unrealizable. Now consider
an x-meric cluster of the Ag-R-Bf-g model without rings (we are considering the
virtual tree molecule). The total number of B FUs within this molecule is

, of which the number of reacted FUs amounts to . The extent of re-
action within this molecule, thus, may be written

,

which increases monotonously from 0 to , as x varies from 0 to •. And one
has 

.

DB can never exceed this upper bound, while by the boundary condition,
, the aforementioned singularity formulae follows
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The upper critical point can never be exceeded. We may abandon this physi-
cally unrealistic singularity, and thus

(48’)

Through Sects. (4.1.1) to (4.1.3) we have derived the asymptotic solutions for
the respective models. In spite of the limiting appearance of , these solu-
tions (40), (41) and (47) are by no means fictitious entities devoid of practical
importance, but have real meanings. They may be good approximations of [G]
in concentrated solutions such as non-solvent systems. This aspect of [G] is dis-
cussed in some detail in the following since it is intimately connected with an-
other important aspect of the gel point problem.

4.1.4
Physical Aspects of Asymptotic Equations

The assessment of the physical aspect of the foregoing solutions (40), (41) and
(47) is a matter of critical importance, since in applying those equations to var-
ious problems, for instance, the distortion of the molecular weight distribution
and the gel point shift, this process provides us with useful information.

At first sight, the above solutions may appear quite useless for practical pur-
poses, because they are simply the limiting solutions of  where the relative
frequency of cyclization is infinitely small so that w (weight fraction of rings) =
0. Contrary to our first impression of those equations, this is by no means the
case. There is a definite evidence that the above asymptotic Eqs. (40), (41) and
(47) are good approximations for ring concentrations in real processes.

For this discussion, an example of the bifunctional system (f = 2) is useful. As
has been well-known [6], the bifunctional system has the general solution of the
ring concentration written by a couple of equations of the form (the A – R – B
model):

(50)

In spite of the elementary mathematical form, the complete behavior of Eq.
(50) has not been thoroughly investigated to date. Indeed, no quantitative anal-
ysis has been reported as to the C dependence of [G]. Thanks to the great ad-
vancement of modern computer science, however, we can now visualize the es-
sential features of the multivariate Eq. (50). In Fig. 7, [G] (molar concentration)
and w (weight fraction) are plotted as a function of C for a fixed D (= 0.99), to-
gether with the corresponding asymptotic equation (broken line):
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(50’)

It is seen from Fig. 7 that there is a boundary concentration  below which
the linear drop in [G] occurs in parallel with the saturation of w ( ; note that
w cannot exceed D), showing that below  cyclization occurs predominantly
over intermolecular reaction. Excess dilution beyond  leads to the linear drop
of the net amount of rings. 

More important is that above , [G] is  which is nearly equal to
the quantity predicted by the asymptotic Eq. (50’) (dotted line). Now it turns out
that for a given D the net amount of rings is invariable over a broad concentra-
tion range. This phenomenon has empirically been known among synthetic
chemists, and qualitatively explained as follows:

If we let the system volume V increase by , the production of rings
[mole / l] should decrease, because the total number of monomer units per unit
volume (solute density) must decrease accordingly, whereas just by the same di-
lution effect, the relative cyclization rate to intermolecular reaction rate should
increase, because cyclization follows the first order of the concentration, while
the intermolecular reaction follows the second order, thus raising the yield of
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Fig. 7. An example of plot of Eq. (50): The molar concentration, [G], and the weight frac-
tion, w, of rings as a function of the initial monomer concentration, C(D = 0.99). The dotted
line shows the asymptotic concentration: 

, 

Eq. (50’), and C* the boundary concentration beyond which the total ring concentration can
approximately be equated with Eq. (50’)
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rings. These two actions work oppositely and cancel out each other, resulting in
the observed concentration invariant of [G]. 

We shall show below that the same concentration invariance can occur in gen-
eral branching processes also. 

From Eq. (32), it follows that for an irreversible case

. (51)

According to the concentration dependence of the rate equations, we may
write Eq. (51) in the form:

, (52)

where  is the relative cyclization frequency defined in Sect. 4.1.1, and 
is a function of D, but independent of d and C. For a given D, if C> ,
we are lead to the foregoing solution (40), so that . Hence the
quantity  gives a measure of the boundary concentration,

. 
Now it would be quite natural to consider that the same phenomenon ob-

served in Fig. 7 occurs in general cases of f > 2; that is, for general irreversible
processes, we may write

, (53)

for a given D.
In subsequent sections, we develop our arguments under the premise that Eq.

(53) works as a general law. Since gelation is a phenomenon characteristic of
concentrated solutions (most probably ), this premise greatly simplifies
the theory.

4.1.5
Another Solution

There is another way to solve the fundamental equality (32). This method is
more general, while incorporating many unknown parameters into the solu-
tions. Still this approach is useful to outline cyclic production in branching me-
dia.

Consider again the irreversible process of u = 0. By Eq. (52), the total ring con-
centration should be given by
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(54)

To solve this equation, we write Eq. (54) in a slightly more concrete form:

. 

Then Eq. (54) becomes

. (55)

Now expand  as a function of D to yield

, (56)

where cjs ( ) are unknown coefficients. Substituting Eq. (56) into Eq.
(55), we have [47, 50]

. (57)

Let , and Eq. (57) reduces to

(58)

In the limit of infinite dilution ( ), , so that cyclic production
should lead to 

Thus the integral  represents the decrement of cyclic produc-
tion from (1 / 2)f CD. To solve Eq. (58), we neglect all the terms higher than the
third [47]:

, (59)
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and we have

. (60)

To visualize the general behavior of Eq. (60), let us assume the following cor-
respondence,

,

which can be inferred by taking the limit, , for Eq, (57) and comparing
with Eq. (40). This treatment is not mathematically rigorous, but useful to out-
line the qualitative feature of Eq. (60). A numerical example of [G] thus obtained
is plotted in Fig. 8 (f = 3, D = 0.25, solid line), together with the asymptotic Eq.
(40) (dotted line). As one can see, the same plateau in the high concentration re-
gime as observed in the equilibrium bifunctional case (f = 2) is neatly repro-
duced. The small discrepancy between Eqs. (60) and (40) can be ascribed to the
truncation of higher terms of ck, which, however, suffices to convince us that the
concentration invariant of [G] is a general theorem.
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4.2 
Cyclization on Lattice

4.2.1 
Numerical Work

The mathematical task to analyze ring formation on a branched excluded vol-
ume molecule is a formidable one. To date, not a single general theory has been
put forward to account for the branched molecule with rings; even for a single
chain molecule, if the excluded volume effects must be taken into account, an ex-
act solution cannot be obtained [51, 52]. For this reason, simulation experi-
ments on lattices have often been utilized as the most convenient method, and
various techniques have been devised [53, 54]. To visualize the random walk sta-
tistics, for instance, one first arranges the full length of a polymer molecule on
lattices in an arbitrary configuration, then rotates one of bonds around the
neighboring bond by a permitted angle (say, 90° for simple cubic lattices); the
same procedure is followed successively over all combinations of all bonds and
all permitted angles, thus realizing a self-avoiding walk. In this way the detailed
study of the self avoiding walks became accessible. Such a simulation method
was successfully applied, in a recent paper, to the study of the single polymer
chain statistics as mentioned in Sect. 3.3 The merit of the computer simulation
is obvious. It reduces an otherwise formidable mathematical problem to a sim-
ple problem of performance of a computer processor.

Cyclization of excluded volume chains was first investigated by Martin, Sykes,
and Hioe [25, 55] on the triangular and face-centered cubic lattices. Counting a
total number of self-avoiding walks, Cj, and the number, uj, which return to the
origin at the j th steps, they could show that the cyclization probability Pcy =
uj / Cj varies asymptotically as  for d = 2 and ~j–23/12 for d = 3 (these may
be written approximately as  for both d = 2 and 3). For simple random
walks, the corresponding relations are Pcy ~ j–1 and ~j–3/2, respectively, so that
the excluded volume effects reduces the probability, Pcy, of return by j5/6 for d =
2 and j5/12 for d = 3, respectively (Fig. 9) [23, 25, 55–56]. It was suggested [25] that

    ~
– /j 11 6

    
P jcy ~ –2

PcyPP ~ j −2

l

Fig. 9. A schematic representation of the probability, Pcy, of an excluded j-chain closing a
ring
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these results may have to be treated with caution, since a return to origin is a rel-
atively rare event, and the behavior is anomalous at this point, so that they may
not be representative of true Pcy.

An almost identical conclusion was obtained analytically by way of the self-
consistent field theory. Edward [23] showed Pcy ~ j–9/5 for d = 3 in good accord
with the numerical calculation mentioned above, together with the mean end-
to-end distance that scales as 

, 

giving the justification of the Flory excluded volume theory mentioned in Sect.
3.

4.2.2
Ring Distribution Functions on Lattices

A central concept for the derivation is again the transition probability [47, 57]
introduced in Eq. (29). Within the framework of the deterministic description,
the equalities of Eq. (29) and Eq. (30) is always valid for all chemical reactions,
so that all one needs is to evaluate individual chemical reaction rates, say  and

. Let ps be the fraction of sites to be occupied by monomer units. The possible
bond number is then . Considering that the typical percolation model
is the R-Af type, and familiar branching reactions are irreversible, it suffices to
solve the following equality:

,

with , it follows that

. (61)

The only one task we should perform is to find the relative rate . Like
the case in real system, we have not yet seen the complete descriptions of the rate
equations, so that it would not be a realistic choice to attempt to work up a gen-
eral solution of . Thus, we again seek a limiting solution of Eq. (61).

Although, in Sect. 4.1, the limiting case of  was considered, the same
thing is not applicable to the percolation process, since in the percolation model
the concentration as a thermodynamic variable can not be defined in the ordi-
nary chemical sense[57]. A similar situation,  , can
be realized in high dimensions [58]. In the following, we use this characteristic
of the percolation model and derive an asymptotic solution of .
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Cyclic Distribution in Bond Percolation Process. Consider a lattice with suffi-
ciently large size and dimensions, �d(� Æ •  and d Æ • ) so that clusters can be
ideal. Following Eq. (61), we seek the analytical expression of the relative rate,

.
The cyclization rate  of j-chains is in proportion to the cyclization proba-

bility � multiplied by the total number  of chances of cyclization of j-chains:

. (62)

� being the quantity defined in Eq. (35). 
 can be estimated as follows: Suppose an m-tree which has l reacted FUs, m

unreacted FUs and n dead ends in the first generation (Fig. 10). Then, l + m + n
= f, which follows the trinomial distribution [57, 84]:

. (63)

Let N(A)j be the number of FUs in the j th generation. It is obvious that

.

Each individual FU gives birth to new  FUs on average. So the number
of FU in the 2nd generation is

.

and

(64)
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Fig. 10. A site on a lattice with m unreacted FUs, � reacted FUs, and n dead ends
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The total number of chances of cyclization for j-chains is calculated via

, (65)

which results in

. (66)

Then we turn our attention to the self-avoiding walk for a lattice chain. Let,
after j steps, one end enter the volume u around the other end; more exactly on
anyone of the neighboring f – 1 sites. Because of excluded volume effects, imme-
diate reversals are forbidden for the end, so there exist (f – 1)ps possible paths
(FUs) for another step. The probability of these paths being vacant (unreacted)
is 1 – D. The total number of paths available for the end is therefore (f – 1) ps (1–
D). Of these only one path can lead to the other end. Thus the probability of the
two ends closing a ring can be written as

, (67)

whence the cyclization rate can be formulated as

, (68)

where  is another coefficient.
Then we proceed to the calculation of the intermolecular reaction rate. The

intermolecular reaction rate  can be equated with the product of the probabil-
ity of a given FU on a cluster entering into a small volume � with the radius of a
bond length � around a FU on the other cluster and the total number of all pairs
(we put � being the size of unit cell). Note that molecules are fixed on lattices,
and each FU has a single chance to react, so it can react with the nearest neigh-
bor alone, whereas the nearest neighbor is always unreacted because of the lat-
tice specificity. Taking account of this specificity of the lattice model and that
there is no heat of formation, one can write the intermolecular reaction rate as

. (69)

The expression asymptotically becomes exact as  where cyclization is
suppressed entirely.

Comparing Eq. (69) with the corresponding expression (38) of real systems,
it turns out that there are substantial differences between them: (i) the intermo-
lecular reaction rate, , of real systems follows the second order of M0, while
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that of the percolation model the first order, and (ii) the entropy term, , is
absent from the latter reaction. These differences inevitably lead to differences
in the cyclization mode, the dimensionality and the critical point behavior be-
tween them as will be seen subsequently.

From Eqs. (68) and (69), the relative rate becomes

. (70)

� is a monotonously decreasing function of d, so that the aforementioned
transition probability asymptotically approaches

. (71)

And Eq. (61) reduces to 

. (72)

Substituting Eq. (70) into Eq. (72), one arrives at the asymptotic solution of
the ring distribution function for the bond percolation problem:

. (73)

If f is an increasing function of d, the prefactor may be approximated as

, for large f.

Then Eq. (73) reduces to

. (73’)

It will be useful to rewrite Eq. (73’) into the more familiar form. With the
equality  for the hypercubic lattices together with the definition

, one can reformulate Eq. (73’) in the form:

, (73’’)
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It may be useful to inspect the critical point of the bond percolation model.
As the critical point is approached, the total number, , of chances of cycli-
zation should diverge. From Eq. (66), it follows that

, (74)

giving

. (75)

This is the so-called ideal value on the Bethe lattice, which, when ps = 1, re-
covers the Flory formula. 

By analogy with real systems (Sect.4.1), it seems natural to consider that Eq.
(73) represents an approximate expression of [G] in real percolation processes;
that is, it would be natural to write for high dimensions

, (76)

where  denoting a boundary dimensionality above which Eq. (76) works ap-
proximately. In Sect. 6, we will make full use of this relation to find a more gen-
eral formula of the bond percolation threshold.

4.3 
Conclusions 

The molar concentration of rings in branching media is given by the general for-
mula:

, for irreversible reactions,

where  is the intermolecular reaction rate,  the cyclization rate of j-chains
and , and i the total number of bonds in the system. This is a funda-
mental equality that includes all information about cyclization phenomena of ir-
reversible branching processes. The problem of seeking the cyclic distribution
thus reduces to the problem of solving this fundamental equality. When we re-
strict ourselves to the limiting case of  or , this gives neat solutions:
for real systems,
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2.  model

. (41)

3.  model

, (47)

and for the
4. percolation model on hypercubic lattices

. (73)

The last conclusion of this chapter is that these limiting solutions may be
good approximations of [G] under ordinary reaction conditions away from the
limits. For instance, we may have for 

, (53)

as shown in Figs. (7) and (8).

5
Real Gelation and Percolation Process

In the course of the derivation of the ring distribution functions in branching
media, it was found that analogies and differences coexist between real gelations
and the percolation process [57, 84]. Let us summarize this aspect in perspec-
tive, since this procedure is essential to understand the differences in dimen-
sional behaviors of the two systems which are encountered in Sects. 6 and 7. The
respective ring distribution functions are of the form for the  model:

; (40)

(73’’)

Although these are limiting expressions, one can expect them to work as good
approximations of [G] in actual processes if we are in high concentrations or at
high dimensions, as discussed above.
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For the pure bond case (ps = 1), the two expressions are identical except for
the coefficient . Thus, it follows that whereas the microscopic
feature of the chemical process is entirely different between real systems and the
percolation model, the branching reaction proceeds, in effect, in a similar way.
The only difference is the presence of the coefficient � that varies with dimen-
sions as 4p / 3 (d = 3), p2 / 2 (d = 4), …, having a maximum at d = 5, beyond
which it rapidly decreases to 0 (Fig. 11). This does not mean that cyclization on
lattices becomes maximum at d = 5. unlike � itself, the product �¥jj is a steeply
decreasing function of d and so is the [G], consistent with the observations in the
percolation model. 

If we confine our discussion to dimensions satisfying  together with
 so that Eq. (76) is fulfilled, then it follows that the percolation model

should produce rings excessively by the factor � than real systems do for .
Major differences between Eqs. (40) and (73”) can be summarized as follows:

(i) The ring fraction, [G]/C (ps = 1), on lattices is independent of C (note that
), while that of real systems is inversely proportional to C. 

(ii) More significant is the difference in dimensionality: The cyclization proba-
bility � is a decreasing function of d. By Eq. (73), the cyclic production on lat-
tices must decrease with increasing dimensions (this was confirmed by the ob-
servations in the simulation experiments). In contrast, in real branching reac-
tions it is the relative cyclization frequency  that controls the amount of rings
and not �. Unlike �, the quantity  is not such a monotonous decreasing func-
tion of d. To see this, consider a hypothetical dense solution where the Gaussian

�= 2 2
2

p d dd/ / ( )G

0 2 4 6 8 10 12 14 16
dimension d

0

2

4

6

V
ol

um
e

of
th

e
d-

di
m

en
si

on
al

Sp
he

re

0 2 4 6 8 10 12 14 16
dimension d

0

2

4

6

V
ol

um
e

of
th

e
d-

di
m

en
si

on
al

Sp
he

re
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behavior is expected to apply to branched molecules. According to the relation,
, it follows that

, (77)

which can be equated with

, (78)

where . It is easy to show that  first declines with increasing d to at-
tain a minimum point, then goes up indefinitely as  (Fig. 12). There is a
minimum point of  around . Beyond this minimum it turns to an in-
creasing function of d. This means that at sufficiently high dimensions the sys-
tem produces rings exclusively [57]. In Fig. 12 is shown an example of d-depend-
ence of  based on the numerical calculation of Eq. (78).

The above statement can be confirmed in a more general way. Consider a
branching process in real systems. By the same argument as in Eq. (52), it follows
that for an irreversible process

, for real systems. (79)
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Bj is a function of D, but independent of the dimension. Let � be the number
of monomer units on one dimensional length �. Broadly speaking, for a large d,

 varies as , whereas .  is a stronger function
of d than C itself, which leads Eq. (79) to  and

, as . Hence, in real systems all the products
should become cyclics as .

In light of the known dimension dependence of the percolation model, the
conclusion drawn above will be a quite unexpected one, but the physicochemical
reason is very clear without an ambiguity: As the dimensionality increases, the
space-freedom should expand, so the probability of one end on a chain encoun-
tering the other end must decrease, while just by the same reason, the probabil-
ity of two functional units on different molecules encountering must decrease as
well. As a result of this competition, the minimum of  should occur, beyond
which cyclization becomes dominant over intermolecular reaction. At suffi-
ciently high dimensions, cyclization finally overwhelms the intermolecular reac-
tion, and the system behaves as if at a dilution limit.

In contrast to the situation in real systems, the collision probability on lattices
between two units is always fixed to unity because of the structural specificity of
lattices [19, 58–61]. Mathematically, this can be explained by the absence of the
entropy term, , in the intermolecular reaction on lattices. Consider an
athermal reaction, and let N be the number of FUs. then the respective intermo-
lecular reaction rates of Eqs. (38) and (69) can be simplified as follows

, for real systems;

, for the lattice model.

At a glance, it can be understood that the intermolecular reaction on lattices
has no dimension-dependence; it is a function of functionality f alone, while the
cyclization rate, Eq. (68), depends strongly on d according to �, the decreasing
function of d. Thus, as the dimensionality increases, the cyclization rate alone
naively declines, resulting in the known behavior of the percolation model:

 (Bethe lattice) as .
Through the comparative analysis of chemical machineries of branching

processes between real systems and the percolation model, we have learned that
the dimensionality is closely connected with cyclization. This feature does not
appear to have been fully recognized by physicists up to the present. The reason
simply comes from the fact that ring formation, together with excluded volume
effects, has often been ignored, for the sake of mathematical simplicity, in the
theory of branching processes. It is therefore not surprising that the unexpected
dimension dependence of real systems remained unrealized so long.
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5.1
Conclusions 

The percolation model differs from real branching reactions in two points: (1)
intermolecular reaction of the percolation model has no dimension depend-
ence; (2) concentration in the ordinary chemical sense is absent in the percola-
tion model. These differences arise from only the one fact that molecules are
fixed on lattices, and give rise to the opposing dimensionality: as , in real
systems cyclization becomes predominant, whereas in the percolation model it
is suppressed entirely (the Bethe lattice). In these respects, the percolation mod-
el is not commensurate with the general features of the branching processes as
chemical reactions.

6
Estimation of Gel Point

In a parallel with the theoretical advancement of gel research, a notable, new dis-
covery was recently made in experimental polymer science. Tung and Dynes
[62] could show that the viscoelastic method is a useful tool to determine the gel
point. What is mentioned below is the essence of the Tung and Dynes’ work.

6.1 
Experimental Determination of Gel Point

For almost 50 years since the onset of the industrial manufacture of branched
materials, the gel point has been estimated by measuring the solution viscosity
combined with a solubility test of the resultant materials, which subsequently
became the standard test of the gel point determination [63]. In 1982, an inno-
vative experimental method was proposed. In their short paper, Tung and Dynes
suggested a method that determines gel time from dynamic viscoelastic data.
They put forward that the gel times of many thermosetting resins coincide with
the crossover points of the dynamic storage  and loss  moduli measured
during isothermal setting; for instance, the cure behavior of an acetylene termi-
nated sulfone (Fig. 13) showed that the intersection ( ) of the two modu-
lus curves occurs at t = 59 min., in correlation with the gel points as measured
by the standard gelation test (Fig. 14).

The correlation between the crossover points and the gel points was remark-
able, suggesting that the loss tangent ( ) is nearly unity at the gel
point (Fig. 14). Tung and Dynes’ explanation for this is as follows: the loss tan-
gent, being the ratio of energy lost to energy stored in a cyclic deformation,
measures the relative contribution of viscosity to elasticity of a resin system. The
loss tangent of a viscous liquid therefore should be greater than unity, while that
of an elastic solid should be less than unity. The resin systems proceed from a
viscous liquid via gelation to an elastic solid. The loss tangent of the systems,
corresponding to the transition state between viscous liquid and elastic solid,

    dÆ•
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would therefore be expected to be equal to 1. Tung and Dynes’ findings immedi-
ately spread into the community of polymer science, and spurred experimental
activity. The relevance of their original idea was soon confirmed by many exper-
imentalists [64–68]. Chambon and Winter carried Tung and Dynes’ work fur-
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Fig. 13. Dynamic viscoelastic properties of ATS resin. Reproduced with permission from
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ther and put forward the empirical correlation between the moduli and applied
frequency, w, at the gel point:

,

thus affirming the pertinence of Tung and Dynes’ proposal over all frequency
bands. In all the experiments, agreement between cross-over points of the mod-
uli and gel points was remarkable. Tung and Dynes made a major breakthrough
in experimental polymer science. This new finding therefore deserves to be
called the “Tung and Dynes method” for their due credit. In Sect. 7, we will make
use of the fruits of the Tung and Dynes method to test the theoretical equation.

6.2 
Numerical Calculation

A characteristic feature of the gel point problem is that attempts to seek analyt-
ical solutions are surprisingly scarce. To date, only a few problems, the ideal tree
model in polymer physics and two dimensional cases in the percolation model,
have been solved analytically [6, 69–70]. No exact solutions including numerical
solutions have been put forward for real systems with ring formation and ex-
cluded volume effects.

The reason becomes evident when one looks into the details of the gelation
problem. There are too many intractable questions in this problem; the oldest,
and most fundamental one is how one can enumerate all trees with different
numbers and sizes of rings, and their entire combinations. In order to formulate
the general solution, one must arrange infinite sets of (differential) equations,
which is practically impossible. Hence, it is natural that the general consensus
has arisen that there is no way to solve exactly the gel point problem.

For the percolation model, the situation is rather different, where the numer-
ical calculation is easily accessible with the aid of the probability theory com-
bined with a computational calculation. As a matter of course, the same meth-
odology cannot be applied to real branching reactions, since real molecules are
not fixed on lattices, and one cannot define the number of configurations that
corresponds to the coordination number, q, of the percolation model.

Although, through the comparative analysis in Sect. 5, the percolation theory
was found not to be equivalent to the branching process, we can still learn from
this theory much deeper physics regarding the excluded volume problem, di-
mensionality, critical relations and many other important problems; in fact, we,
polymer chemists, owe many startling discoveries of modern gel science to the
percolation theory. In the following a physical method, now called the series ex-
pansion method is mentioned. This method was originated by Domb in 1961 as
a promising approach for estimating the critical point (threshold) on lattices
[25, 71–73]. Although the mathematical methods developed there are not direct-
ly connected with real gelations, they provide very useful clues when we think
about the polymer gel point.

    
log / log log / log¢ = ¢¢ @G Gw w
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Series Expansion Method (Percolation Model). Like the polymer theory [6], the
percolation theory is based on the principle of the equireactivity of FU. In the
percolation model, all mathematical complexity arising from ring formation
and excluded volume effects is simply replaced with a set of random bonds. Let
a site correspond to a monomer unit, then generate at random bonds between
them, and we have an ensemble of bond animals (Fig. 15).

In order to estimate threshold values, let us introduce an additional assump-
tion [25, 74]:
(i) The mean cluster size S(D) can be expanded into the power series with pos-
itive coefficients aj:

. (80)

This assumption seems well-founded, since the mean cluster size of the ideal
tree model can also be expanded into a similar power series:

(81)

Given the assumption (i), according to the definition of the critical point, if
, the series of Eq. (80) should converge, while if , it diverges. Clear-

ly, the radius of convergence of the series corresponds to the threshold. Then, the
d’Alembert convergence theorem [75] tells us
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Fig. 15. An example of the bond percolation on a square lattice
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,

whence one gets the relation

, (d’Alembert) (82)

while the Cauchy theorem [75] provides another relation

,

and

. (Cauchy) (83)

Now, all we need do is to evaluate the positive coefficient aj on individual lat-
tices. In principle, this can be done exactly by enumerating all configurations of
given clusters. For instance, on the simple square lattice, one has 
for s = 1;  for s = 2;  for s = 3; … The terms
consisting of  are often called the perimeter polynomials and have been
enumerated by Sykes and Essam up to the twelfth term [73]. Following Domb
[71, 72] , let us define the weight average cluster size S(D) as

, (84)       

namely, we count a bond as a monomer unit rather than a site. Rearranging the
series in the ascending powers of D, we have

(85)

Taking the ratio of the 11th term to the 12th, we find

,

the result being close to the exact value 1/2. 
At first sight, it seemed obvious that the extrapolation to  intercepts the

point  as predicted from the rigorous solution. Thus far, the series ex-
pansion method appeared very promising. Unexpectedly, the physicist’s hope
was suddenly dashed by a short note by Sykes and coworkers [76] , the cofound-
ers of the series expansion method. They made a detailed investigation for the 
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configurations of larger clusters, adding several further coefficients to higher
terms, and revealed that a weak singularity occurs for ; so the radius of
convergence of the series cannot be identified with the threshold. The ratio
method given in Eq. (82) suddenly lost its mathematical basis. 

Gaunt and coworkers [77, 78] devised a more technical method. They ex-
panded the coefficient aj as a function of 

. 

Making use of the Cauchy theorem, , they obtained for hyper-
cubic lattices

, (86)

with . Partly because of the truncation of higher terms, Eq. (86) slightly
underestimates the threshold values for . In Table 1, the critical values cal-
culated from Eq. (86) are compared with the best numerical values obtained by
the Monte Carlo simulation [79, 80].

At present, the best numerical estimate of the threshold value is obtained
through the Monte Carlo simulation on finite size lattices followed by the extrap-
olation to , the precision of which has been reported to be of
the order 10–5 or higher.

6.3 
Analytical Approach

6.3.1 
Gel Point in Real Polymer Solutions

Let a branching unit possess f FUs. In order for an infinite molecule to appear, it
is necessary that at least one functional unit (FU) have reacted; the probability
of the remaining  FUs having reacted is . If  is greater than
unity, then there is a finite probability that a given branching unit belongs to an
infinite molecule. Thus the gel point should be given by

Table 1. Threshold values calculated from Eq. (86) and Monte Carlo simulation

d 2 3 4 5

Eq. (86) 0.7531 0.2502 0.1567 0.1166
Best Numerical values
(Monte Carlo simulation)

0.5003 0.2470 0.1598 0.1181
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, (87)

with the subscript 0 representing the ideality of the classical gel point. The same
conclusion can be drawn by way of many different derivations; e.g., via the per-
colation probability, , on Bethe lattices, the divergence of the number of
chances, , of cyclization, and so forth, thus confirming the mathematical
soundness of Eq. (87) as the emerging point of an infinite molecule. The exper-
imental confirmation by Wile is of particular importance[48, 81, 82]. 

To improve on the original formulation of Eq. (87), a large amount of effort
has been concentrated on taking ring structures into account. However, agree-
ment with observations was unsatisfactory. In order to make a further advance
in this field, another approach from a different angle has been needed. Although
at present the Monte Carlo simulation enables us to identify thresholds in such
high precision as mentioned above, such a numerical method does not provide
us with physicochemical information about the critical point. Since the aim of
gel science is not only to determine the location of Dc, but also to elucidate the
physicochemical machinery of the gel point (threshold), it is of essential impor-
tance to understand why the gel point shifts from systems to systems. Hence, we
must return to the original question of how the gel point is determined for
branched systems with ring formation.

Throughout this and the next sections, we mention a theoretical method re-
cently developed in the author’s laboratory [57, 83–84]: First we derive the ap-
proximate expressions of the gel point for real systems, and then the corre-
sponding expression for the percolation model. One will see there that the gel
point is a unique point where the three effects, rings, excluded volume effects
and dimensions, spontaneously appear and merge. 

Then let us begin with the central concept of the theory.

Basic Concept. We confine ourselves to slow reactions so that the mixing of
components is always perfect. Consider the R-Af branching reaction that allows
progressive bond-formation among A type FUs, where R represents a monomer
unit and f the functionality. Given suitable reaction conditions, an infinite mol-
ecule can appear at a definitely defined point, the gel point. In general this point
is mentioned in terms of the extent of reaction, Dc. It is important to notice that
Dc is separable to the following two terms: 

. (88)

D(inter) represents the extent of reaction of intermolecular reaction alone at
the gel point, and D(ring) that of cyclization alone. Note that only two FUs (one
bond) are wasted every cyclization independently of size of rings [9]. Thus, it is
convenient to define that cyclic bonds are equal to excess bonds which, when
broken, do not disconnect a polymer molecule. Let [G] be the number concen-
tration (mol / l) of total rings and  the initial number concentration
of monomer units, and one has the equality:

D
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. (89)

Then let us proceed to the formulation of D(inter). Suppose an equilibrium
branching process where some fraction, pR, of all the FUs, , is already occu-
pied by cyclic bonds. The remaining FUs then form the equilibrium distribution,

, where Mi denotes the number of monomer units having fi FUs. Let us ex-
press the gel point of this mixing system in the form:

which is equal to the ratio of the number of FUs consumed by intermolecular re-
action as against the sum  excluding the FUs wasted by cyclic bonds,
whereas D(inter) is the ratio against all FUs, . Following the definition of
the extent of reaction, therefore, it is necessary to multiply the factor

.

pR is the probability of a FU being occupied by cyclic bonds, and equivalent
to D(ring). Thus, D(inter) can be expressed in the form:

. (90)

Eqs. (89) and (90) lead Eq. (88) to the following analytical expression:

(91)

In the same way, for the R-Ag + R-Bf-g model where bond formation is permit-
ted only between A type FU and B type FU, one has

(92)

for the equimolar case of the different functionalities, where CA represents the
initial monomer concentration for the A type monomer unit. Eqs. (91) and (92)
are very general expressions that include all information about the gel point.
Now the problem of estimating Dc has reduced to the problem of solving the
above equalities.
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Solving Basic Equalities. We introduce the following assumption.
Assumption I: cyclic bonds distribute randomly over all monomer units (ran-

dom distribution assumption of cyclic bonds). 
This assumption is equivalent to the statement that each FU has an equal

chance to undergo cyclization. Given the random distribution assumption, the
distribution of {Mi} is then the binomial one. Now it is easy to find the mean
functionalities  which can be put equal to the weight average functionality
defined by  [85–89]. Let  be the mth moment. The mean
functionality is calculated via

.

Substituting this result into the foregoing Eq. (91), one gets

(93)

and in the same way

(94)

The problem of seeking analytic expressions of gel points has reduced to find
the molar concentration of cyclics, [G].

Finding General Solution of [G]. The fundamental equation for the ring distri-
bution function is of the form [47] for the R-Af model:

. (95)

The integration extends over from 0 to Dc. Eq. (95) includes all information
about the occurrence of rings in irreversible branching processes. Unfortunate-
ly, Eq. (95) is generally insolvable. Even for the most elementary rate equations,
Eq. (95) does not yield an analytical expression. Thus we have to look for an ap-
proximate solution of Eq. (95). By the analysis in Sect. 4, it is known that, for
high concentrations, [G] is independent of C, but depends only on D and d,
namely,

. (96)
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With these relationships in mind, we seek a solution of Eq. (95). Since [G] is a
continuous function of Dc, we can expand Eq. (95) with respect to 
which is realizable in the limit, ; thus this expansion may be called a high
concentration expansion. Designating [G] as , we find

. (97)

Following the equality (91), Dc is also a function of the initial monomer con-
centration C, while as ,  and . Thus, the derivatives of
Z can be written as

(98)

where  is a quantity at , and therefore can be replaced by Eq. (39):

. (39)

Substituting this into the above equalities and making use of the classical re-
lation , one gets

(99)

For a moment, let us suppose a special situation where a branched molecule
is Gaussian so that . Then it is obvious that the nth derivative, , di-
verges when  and . Thus, the expansion works only if the series is trun-
cated to the first two terms together with . The manipulation is equivalent
to applying the mean value theorem:

,

in which we are now making the approximation:
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Having given the mathematical framework of the expansion method, we col-
lect the leading two terms of the series to get the approximate solution of [G]:

. (100)

Combining Eq. (93) with Eq. (100), after some rearrangement, we arrive at
the analytical expression of the gel point ( ) for the
(a)R-Af model

, (101)

where . In the same way, one has for the
(b)R-Ag + R-Bf-g model

, (102)

where k is the ratio of the number of FUs defined by 
with M0 being the number of the A-type monomer units and N0 that of the B-
type units; 

; 

Dc and Dco are the corresponding quantities for the A-type FU with

[43–46, 90], and for the
(c)Ag-R-Bf-g model

, (103)

where , ,
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, and D represents the quantity for the A FU likewise.

By virtue of the perturbation expansion with respect to , Eqs. (101)–
(103) are exact in high concentrations. This is fortunate, because gelation is a
phenomenon typical of concentrated systems[91, 92].

6.3.2 
Critical Dilution

From the above solutions, the concept of a critical dilution, , naturally arises.
For instance, using the boundary condition, , one has for the

 model

(104)

where  represents the quantity for the A-type FU as defined earlier. The ge-
lation is possible only if we are below the critical dilution,  [92], which reveals
vividly that the gelation is a phenomenon typical of concentrated systems. 

The notion of the critical dilution is in harmony with our intuition, suppose
a branching process: molecular growth can take place only through the intermo-
lecular linkages, whereas with increasing dilution the intermolecular reaction is
suppressed. When the dilution reaches the well defined point, , corre-
sponding to , the probability of an infinite molecule emerging suddenly
vanishes; hence, the critical dilution.

In the Flory model, no ring formation is allowed, and , so that from
Eq. (104) it follows that , thus the critical dilution disappears. In real ge-
lations, such disappearance of  never occurs because of the presence of the fi-
nite cyclization probability. The critical dilution is a general theorem in real ge-
lations.

Reversible Gel. It may be useful to compare the critical dilution concept men-
tioned above with that of reversible gels. This phenomenon has been well-
known in reversible gels [91]: we note that the forward reaction, the association
of molecules (gelation), is bimolecular in nature, while the backward reaction,
the dissociation, is unimolecular. With increasing dilution, therefore, the back-
ward reaction should overcome the forward reaction, thus leading to the critical
dilution beyond which gelation cannot occur. In this picture of the reversible gel,
no cyclic formation is taken into account. The critical dilution in reversible gels
can be explained within the framework of Le Chatelier’s law, the analogue of
Lenz’s law which is more fundamental. Let us call an association point on chains
a site, and consider a reversible reaction between unreacted sites and bonds. Let
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p be the bond probability,  the probability of unreacted sites, C the total site
concentration, and K the equilibrium constant. By the law of mass action, one
has the equilibrium condition:

,

whence

.

As p changes from 0 to 1, C changes monotonously from 0 to infinity. Clearly
there is a critical concentration below which p cannot exceed the critical value

, the gel point. Below this concentration, the bond probability can not exceed
the well defined value , the location of which is independent of dilution
(Fig. 16).

6.3.3 
Threshold in the Percolation Model

The percolation theory was introduced by Broadbent and Hammersley [93, 94]
in 1957, 16 years after Flory’s first paper [2] on gelation was published. It was
nineteen years later when the theory was first applied to polymer chemistry as a
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Fig. 16. A phase equilibrium in reversible gelation (K = 2/3). pc is a critical value below
which the bond probability can not exceed the classical value, 1/(f – 1)
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realistic model of branching processes which takes into account ring formation
and excluded volume effects [95, 96]. Since then, the percolation theory has de-
veloped in parallel with the advancement of gel science and made many predic-
tions that have attracted so much attention in this field. The earliest and most
familiar is the linear relationship [20, 97] between the percolation threshold and
the coordination number z (functionality f). In 1961, Vyssotsky, Gordon, Frisch
and Hammersley [97] observed that the threshold appears to be little affected by
the difference of lattice types, but depends only on dimensions and coordination
number z; they could show that there exists a hyperbolic relationship [20] for

 and 3 between the percolation threshold and the coordination number z;
that is, 

. 

Although the physical meaning of this correlation has not yet been fully un-
derstood to date [70], we expect that the present analysis would lead to a help for
the deeper understanding [57].

In this section, we derive a theoretical equation for the percolation threshold
using the high dimension expansion of [G], and the result is examined in light
of the corresponding Eq. (101) of real systems.

Theoretical. To find an approximate expression of the percolation threshold, it
is necessary to make a slight modification of the fundamental equality Eq. (91).
Note that the same as in real gelations, only one bond is wasted every ring for-
mation, and the possible bond number is , so that one can write

(105)

where  can be equated with  so that . If we accept the
random distribution assumption of cyclic bonds (Assumption I),  can be
equated with the weight average functionality. Then  is easily accessible us-
ing the moment generating function

, (106)

namely, 

. (107)     

Substituting this result into Eq. (105), one finds
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the first term of the right hand side representing the ideal term (Bethe lattice)
and the second term the correction term. 

We proceed to estimate the ring concentration, [G], on lattices. Using the
lattice identity  for , we have the general expression of
[G]:

, (109)

By analogy with real systems, we assume the following inequalities that cor-
respond to Eq. (96):

. (110)

To find a solution of Eq. (109), we expand Eq. (109) with respect to 
which is realizable in the limit, . Thus this expansion may be called a high
dimension expansion. In the same way as in real systems, one has

, (111)

together with

(112)

The expansion is valid for  by the same reason as stated for real systems.
Since the limit, , is attained with , one can make use of the fore-
going result,  (Eq. (70)), derived in Sect. 4. Then using
the relationship,  (Eq. (75)), one gets

. (113)

   dD di f C ps= / 1
2

2
  �Æ•

          

G[ ] =
+

◊=

•

•

Â
Â

ÚD D
s

R Lj

R Lj

D

c

j

j

cf C p
dD

2

0
2 1

u u

u u

/

/

          

∂

∂

∂

∂

G G[ ]Ê

Ë
ÁÁ

ˆ

¯
˜̃ @ ( ) [ ]Ê

Ë
ÁÁ

ˆ

¯
˜̃ >

d D
D d

0 for high dimensions , but 0

    D Dc co=

  dÆ•

X D X D
X D

D Dc co
co

c co( )= ( )+
¢( )( )+

1!
– L

     

X D
f C p

dD

X D
f C p

co
s

R L

D

j

co
s

R L
j

j

co

j

( )= ( ) ◊

¢( )= ( )

ÚÂ

Â

•

•

2

0

2

2

2

u u

u u

/ ,

/ ,

.L

   d≥3
    D Dc co=    1 0/ dÆ

          
u uR L s

j
j

f p D/ [( – ) ] –= � 1 1

      ( – )f p Ds co1 1=

X D
f

f
C p j f C p D Dc s

j
s c co( )=

Ê
ËÁ

ˆ
¯̃

+ ( )+
•

Â1
2 1

1
2

2

–
/ –� L



Recent Progress in Gel Theory: Ring, Excluded Volume, and Dimension 193

Collecting the leading two terms and substituting into Eq. (108), we arrive at
the approximate solution for the percolation threshold2:

(114)

for .
 as  is obvious, and one recovers Eq. (75) in the asymptotic limit.

By virtue of the  expansion, Eq. (114) is exact in high dimensions. Eq.
(114) states that the bond percolation threshold, , should go up inversely in
proportion to the site-occupation probability, , in accord with the observa-
tions by Agrawal, Redner and Stanley [60], and by Stauffer [58].

It is believed that the site-occupation probability, , plays a role of concen-
tration in real systems. If that is the case, the hyperbolic relation between  and

 predicted by Eq. (114) is in marked contrast to the corresponding  di-
agram of real systems, where  is known to converge to the ideal value, Dco,
with  [48, 81, 86, 98, 99]. Clearly, the abnormality in the critical behavior
of the percolation model is derived from the abnormality in the chemical ma-
chinery of the intermolecular reaction (Sect. 5) which is in proportion to the first
order of C, more exactly to , the same order as the cyclization rate, so that
the concentration terms cancel out each other, resulting in the expression of Eq.
(114) without the g term.

6.4 
Conclusions

The problem of estimating the location of gel points reduces to solving the fol-
lowing basic equalities:

,

2 Identically, Eq. (114) can be deduced by means of the series expansion of Eq. (73). If the
approximate expression (73’) is used in place of Eq. (73), then the previous result [84] is
recovered:

(114’)

The difference between Eq. (114) and Eq. (114’) is technical rather than essential, but
Eq. (114) slightly improves the agreement with the simulation values [58, 79] than Eq.
(114’).
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for real systems, and

,

for the percolation model, respectively. 
Under the assumption of the random distribution of cyclic bonds, and the ex-

pansion of [G] about  followed by the truncation of higher terms, the
above equalities yield the expressions of gel points for :

, (102)

for real systems, and

, (114)

for the percolation model, respectively. 
By the boundary condition , Eq. (102) gives the critical dilution be-

yond which gelation can not occur

(104)

According to Eq. (104), the smaller k and , the more  should shift up-
ward, and in the limit of  (tree model), the critical dilution vanishes.

7
Comparison with Experiments

7.1 
Real Systems

The experimental reports on gel point determinations are scarce. The first relia-
ble experiment was reported by Flory, who carried out this in 1941 in the poly-
esterification of a pentaerythritol - adipic acid mixture ( ) (Fig. 17)
in order to test his own theory. In 1945, the gelation of the same system was re-
investigated in a more systematic way by Wile [81]; he observed that experimen-
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tal gel points, when plotted against the reciprocal of the concentration,
, are extrapolated exactly to the ideal value, Dco, with zero dilution,

. About 20 years later, Gordon [98] reexamined in more detail the gelation
of the same mixture to inspect the influence of the mole ratio, k, on the concen-
tration dependence of the gel point, and confirmed the linear extrapolation to
the ideal value, Dco, as . Ross-Murphy [99] investigated the concentration
dependence of gel points in another polymer system, a benzene-1,3,5-triacetic
acid-decamethyleneglycol mixture ( ) diluted by 1,3,5-tris(diphe-
nylmethylcarboxymethyl)benzene. He observed also that the same extrapola-
tion to the ideal value occurs as .

Relative Cyclization Frequency, . The above polyesterifications are of the
 type, and hence, we have to compare those observations with

Eq. (102):

, (102)

where , and Dc and Dco represent the quantities for the
A-type FU and 

, 

as defined earlier. 
Only one unknown parameter with Eq. (102) is the relative cyclization fre-

quency, . Note that Eq. (102) was derived by means of the perturbation
expansion with respect to  ( ). In this hypothetical limit, the cyclic
production becomes negligible, and all sorts of excluded volume effects should
vanish rigorously, thus realizing the ideal situation3.

3 Short-range properties, of course, still remain invariable as . To see this, consider
a situation in which C increases from the dilution limit up to the melt, . no bond
angles, no bond lengths and no rotational constraints change on average. Then, suppose
a change from  to . Mean effective radii of atoms (see Sect. 3) must decrease
accordingly: The more the atoms are densely packed, the more the volume contraction
becomes pronounced. In that extension does lie the hypothetical limit of , where all
sorts of excluded volume effects should vanish rigorously.
When generalizing this reasoning to include ring formation, we may expect that the
ideal tree model with no excluded volume and no ring formation will be realized in the
limit . The classical gel theory corresponds to this limiting case ( ). That is thus
comparable to the classic status of the ideal gas law ( ) to the real gas.
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While a chain within a branched molecule is by no means Gaussian in this
real world ( ; note that we are considering the end-to-end distance distribu-
tion, and not the segment-density distribution about the center of gravity), by
virtue of the perturbation expansion with respect to , one can apply the
Gaussian approximation to . Then the most reliable way to estimate the un-
perturbed  will be to consult the ring-chain equilibria in linear melts where
situations are ideal [6, 30]. Prior to the evaluation of , it will be useful to re-
view the thermodynamic relation[6, 102] between  and the equilibrium con-
stant, K.

Thermodynamic Equality. Consider the chemical equilibria between chains
and an x-ring:

(c1)

(c2)

where x represents the number of monomer units. With the thermodynamic re-
lation, it follows that
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where Sd is the surface area of a d-dimensional sphere, P(r) the end-to-end dis-
tance distribution of the x-chain, and � the bond length. From the above results,
and noting that , one arrives at the thermodynamic equality:

(c7)

Inspired by the formulation of Eq. (c7), numerous experiments have been
performed. Assuming the approximate equality,  (molar concentration
of x-rings), Jones and coworkers [100] measured the  values up to x = 7 in
ring-chain equilibria of linear aliphatic polyesters. In Table 2 are summarized
their results for  and , and the ratio, , calcu-
lated via Eq. (c7), together with an example of the aromatic polyester[101–102],
and poly(ethylene terephthalate) for reference.

As one can see in Table 2, the ratios, r ª  8, are about twice as large as the values
predicted from the power law relationship, , which,
however, can be ascribed to less production of the smallest ring of the size x = 1.
Note that  is a more rapidly decreasing function of x than , and the ex-
clusion of the smallest ring directly raises the ratio, for instance, to

, consistent with the experimental values in Ta-
ble 2. For correct evaluation of , this ratio problem is a matter of critical im-
portance. So let us inspect the chemical reason of this abnormality of r values
more closely.

7.1.1 
gem-Substituent Effects

The polyesters shown in Table 2 have repeating units consisting of 9 and 18 skel-
etal bonds, respectively, while the adipic acid-pentaerithritol polymer has a re-
peating unit of 11 bonds on the same sort of aliphatic backbone, an intermediate
length of the polyesters shown in Table 2. Hence, Jones and coworkers’ experi-
ment is a good measure for the present estimate. An only difference between

Table 2. Observed relative cyclization frequencies of linear polyesters.

Polyester    r

Jones and coworkersa

[O(CH2)3OCO(CH2)2CO]
[O(CH2)10OCO(CH2)4CO]

0.100
0.066

0.830
0.488

   8.3
   7.4

Cooper and Semlyenb

[O(CH2)2OCO · C6H4 · CO] (0.06) (0.75) (12.5)

Calculated, using the experimental values for small cyclics, and the Gaussian power law, jxµ x–3/2, for 
larger cyclics.
a From ref. [100].
b From ref. [101].
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those polyesters and the branched polyester (adipic acid – pentaerithritol poly-
mer) in question is that the latter polyester has, by nature, the large gem-substit-
uents, the hydroxy methyl moieties or their ester derivatives (see Fig. 17).

Early in the last century, it had been perceived by organic chemists that some
sort of substituents greatly accelerate the rate of cyclization [103, 104]:

Azelaonitrile [N∫C-(CH2)7-C∫N] converts to cyclic ketone at about 30% yield
according to the Thorpe-Ziegler reaction, while 5-t-butyl- and a,a’-dimethyl-
azelaonitriles [N∫C-C(CH3)2-(CH2)6-C∫N] convert to the corresponding cyclic
ketone at 89% and nearly exclusively, respectively, under the same reaction con-
dition.

This type of substituent effect has been called “gem-dimethyl effect” or
“Thorpe-Ingold effect” after Ingold and Thorpe [103], which has been interpret-
ed as follows: In order for one end FU on a chain molecule to encounter the other
end for cyclization, it is essential for the chain molecule to take the gauche con-
formation, requiring appreciable steric energy, on one hand. Since this steric ef-
fect, together with the transannular effects, appears the most remarkably in 8-
to 20-membered ring formation, it has become called the “medium size ring ef-
fect”, which in most cases depresses extremely the production of rings. The first
indication of this steric effect appeared in Ruzicka’s work [105] in 1920s on the
preparation of cyclic ketones: He observed, that the yields of rings fell sharply to
a very low minimum at the nine- to eleven-membered rings, and then rose slow-
ly towards the still larger rings. The polyesters shown in Table 2 consist of this
“medium length” repeating unit (9~18-ring). The foregoing ratio, r, abnormality
(Table 2) can reasonably be attributed to the “medium size ring effect” that in-
duces the depression of ring 1-mers [102–105].

Given gem-substituents, on the other hand, the energy of the gauche confor-
mation to the trans conformation relatively vanishes, thus raising the relative
frequency of cyclization to intermolecular reaction (Figs. 17 and 18).

Now that the constraint arising from the steric energy has been removed, one
may assume, as a first approximation, that all the ring formations (from x = 1 to
•) occur according to the known power law, . Making use of the mean
end-to-end distances computed from the rotational isomeric state models, one
has

Fig. 17. A polycondensation reaction between pentaerithritol and adipic acid

        jx xµ – /3 2
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and

where  is the number of skeletal bonds per repeating unit. Using these values
and taking into account the repeating length, =11, of the polyester in question
(Fig. 17), one has

(115)

Having determined the  values, it is easy to compute, according to Eq.
(102), the gel point, Dc. The result is plotted in Fig. 19 as a function of g, together
with the Flory (�), the Wile (�), and the Gordon (¥) observations. The symbol
(�) denotes the ideal point, Dco, and (�) the critical dilution, . 

Agreement between the theory and the experiments is excellent for all the re-
gimes, in support of the mathematical soundness of the theory. By Eq. (104), it
follows that  = 0.448. It is noteworthy that  is located in a very high concen-
tration regime of C > 1.0 mol / l.

7.1.2 
Without gem-Substituent Effects

To confirm the above findings, it will be essential to examine the theory with a
branched polymer system without the gem-substituents effect. An experiment
that meets this requirement has been reported by Ross-Murphy for the poly-
condensation system of 1,3,5-tris(carboxymethyl)benzene and decamethyl-
eneglycol (Fig. 20).

Fig. 18. Newman projection for the pentaerithritol-adipic acid dimer unit
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The structural unit of this branched ester is shown in Fig. 20. Because of the
absence of gem-substituents, we expect the ordinary  values for this polymer
system. Then the work of Jones and coworkers is again a good measure. Taking
the average of the observed values in Table 2, one has:

(116)

Fig. 19. Comparison of theory and experiment:  curve 
Solid lines (—): Eq. (102). (�): classical gel points; (�): critical dilution. Experimental
points: by Flory (�: k = 1), Wile (�: k = 1), and Gordon (¥: k = 1, 1.5 and 2.0), where 

 

and Dc represents the extent of reaction of the A type functional units (OH)

    
D lc vs. / molg [ ]

   
k =

[ ]
[ ]

COOH

OH

Fig. 20. A polycondensation reaction between 1,3,5-tris(carboxymethyl)benzene and deca-
methyleneglycol
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Substituting these values into Eq. (102) (k = 1), we can now plot Dc as a func-
tion of g (Fig. 21). Agreement of the theory (solid line) with the experimental
points (�) by Ross-Murphy is remarkably good, giving a critical dilution gc =
0.96, greater than that in the adipic acid-pentaerythritol polymer system, which
can be ascribed to the lower production of rings in this polymer system (Table 3).

7.1.3 
Comparison with Viscoelastic Method

The theory [Eq. (102)] is examined with another experiment with a different
polymer mixture. The recent development of the rheological characterization of
polymer solutions has enabled experimentalists to identify the gel point [62, 64–
68]. Muller and coworkers [67] applied this new method to the gelation of a pol-
yethylene oxide ( ) – Desmodur RF ( , ) mixture
[90] diluted by dioxane (Fig. 22), and they observed . 

We can now estimate the theoretical gel point in this system: the mean molec-
ular mass of this mixture is calculated to be  for the
equimolar case (k = 1). Considering the dilution effect ( ) by dioxane,
it follows that . The polyethylene oxide molecule of interest is com-
posed of xª 70 skeletal bonds on average. Due to this long backbone along with
the dense solution, it can be approximated that the structural unit follows Gaus-
sian statistics. With the Flory characteristic constant [6], , for
polyethylene oxide in the Q regime, one has 

Fig. 21. Comparison of theory and experiment:  curve 
Solid lines (—): Eq. (102). (�): classical gel points; (�): critical dilution. … Experimental
points: by Ross-Murphy (�: k = 1)
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(117)

As these extremely small  values indicate, the production of rings is nearly
negligible for this system. Hence, without any further calculation, one recovers
the classical value, , in agreement with the Muller and coworkers’ ob-
servation  [67]. For comparison, in Fig. 23 is plotted the theoretical line
(solid line) calculated according to Eq. (102), together with the experimental
point (�) by Muller and coworkers.

A characteristic aspect with this branched system is that the critical dilution,
, is located at very high dilution,  (Table 3). From this example, we re-

Fig. 22. A polycondensation reaction between polyethylene oxide ( ) and
Desmodur RF ( , ) 

      g Mn= @2 1000,

      f g– = 3    Mn = 465
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Fig. 23. Comparison of theory and experiment:  curve 
The figure shown in the right side box is a magnification of the same plot. Solid lines (—):
Eq. (102). (�): classical gel points; (�): critical dilution. Experimental points: by Muller
and coworkers [67] (�: k = 1)
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alize that the critical dilution, , varies inversely in proportion to the relative
cyclization frequency, , namely, the product,  always remains in the
order of unity, ª 1. This brings us to the expectation that the experimental deter-
mination of  may provide us with useful information about the relative cycli-
zation frequency in branching media.

7.2 
Percolation Model

Thanks to a great deal of effort by physicists, the determination of the threshold
now amounts to an accuracy higher than 10–5. Although, because of the differ-
ence in chemical machinery, one cannot directly test the polymer gel theory by
the percolation simulation, one can test the soundness of the underlying math-
ematical method by way of the examination of the corresponding threshold Eq.
(114) derived in a like manner:

(114)

Prior to the comparison with simulation experiments, it is necessary to calcu-
late the cyclization probability, �, which is the only unknown parameter with
Eq. (114). Note that Eq. (114) was derived based on the 1/d expansion, so that one
can apply Gaussian statistics to �. According to the definition, � has the form:

(35)

Table 3. Calculated and observed  and  values

Theoretical Observed

Branched Polymer

Linear Polyester
(Jones and coworkers)

0.066
~0.10

0.488
~0.83

Adipic acid-Penta-
erythritol

0.32 4 ¥ 0.32 0.45 (ª 0.4)a

1,3,5
-Tris(carboxymethyl) 
benzene
-Decamethyleneglycol

0.085 8 ¥ 0.085 0.96  

polyethylene oxide-
Desmodur RF

1.5 ¥ 10–5 6 ¥ 10–5 ª 104

a: Extrapolated to Dc = 1.
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where � is the size of a unit cell (bond length). Let  be the number of bonds
constituting a j-chain, and let a j-chain be comprised of j sites, then one has

. Only even number rings can occur for hypercubic lattices. One has,
therefore, , for . Through a simple vectorial
argument, it is easy to show that the average end-to-end distance of j-chains
without excluded volume effects has the form4:

(118)

Let 

(119)

4 Mean Square End-to-End Distance of a Chain on Hypercubic Lattices. Let us consider a
random flight chain on hypercubic lattices. Let  be a vector from a given site to the nth
site. Then we have

. (118a)

. (118b)

Taking an average, we have

. (118c)

Note that 

, (118d)

for hypercubic lattices, where . Hence,

, (118e)

which yields

, (118f)

whence we have

, (118g)

which leads to the expression of Eq. (118).
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and 

(120)

then � reduces to

(35’)

where  represents an incomplete Gamma function as defined earlier (see
Sect. 4).

7.2.1 
Pure Bond Percolation (ps = 1)

Using Eqs. (120) and (35’), one can compute the bond percolation threshold fol-
lowing Eq. (114). In Fig. 24 (a) is plotted the theoretical line (heavy line) together
with the observed values (�: ps = 1) known by the percolation simulation [79].
The theory agrees remarkably with the simulation points in higher dimensions,
but fails in lower dimensions. To show up the discrepancy in low dimensions, the
same data are plotted in Fig. 24 (b) in terms of scaled critical points

. Comparing the two lines, one finds that the theoretical line
abruptly merges with the observed line right at d = 8, showing the existence of a
critical dimension at dc = 8, above which the foregoing approximations (As-
sumption I and the high dimension expansion) work well. Eq. (114) is thus exact
above 8 dimensions. The result is consistent with the prediction by the Lubensky
field theory[30–32]. This is an example of the marginal dimensionality promi-
nent in modern statistical physics.

7.2.2 
Bond Percolation (ps  1)

Eq. (114) is a function not only of d, but also of the site fraction, ps. Hence, one
can compare the theory with the general bond percolation ( ) [60]. Exam-
ples of d = 3 to 6 computed in the same manner are plotted in Fig. 25 against the
reciprocal of ps, together with the simulation results by Stauffer (�: d = 3; �: d
= 4; �: d = 5; ¥: d = 6) [58, 106]. The theoretical lines (solid lines for d = 3 and
5; broken lines for d = 4 and 6) are in good conformity with the observed points
by Stauffer. To date, within our knowledge, the corresponding site-bond dia-
grams in higher dimensions have not been investigated, so that at present we
cannot test Eq. (114) in these regimes. However, in light of the critical dimension
concept, it is expected that better agreement between the theory and simulation
experiments will be observed for .

        

n =
( )

( )
f

f
n

f

f
j–
–

–

–
,

2
2

1

2
2

          
� =

( )
( )

1
2 2

2

–
,

,
G

G

d d

d

n

        
G d d

2 2
, n( )

   D D Dc co co– /( )

�

  ps π1

   d≥8



206 Kazumi Suematsu

7.2.3 
Critical Dimension

For some time, the critical dimension of sol clusters on lattices had been thought
to be six-dimensions [31, 77–78]. However, when dc = 8 was suggested by Luben-
sky and Issacsson [32] for the dilution limit of real systems, equivalent to sol

0
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Fig. 24. Comparison of theory and experiment: (ps = 1). (a) Dc vs. d curve. Theoretical line
(heavy line) by Eq. (114), and bond percolation thresholds (�) cited from ref. [79].
(b) Scaled critical point vs. d curve. Theoretical line (heavy line): Eq. (114). Bond percola-
tion thresholds: (�) cited from ref. [79]

a

b
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clusters on lattices, the situation changed to go on in the correct direction. In-
spired by the Lubensky theory, Gaunt [33] scrutinized the bond animals up to
10-clusters; applying the numerical values to the asymptotic equality,

(Nb is the number of animals with b bonds), and making use of the aforemen-
tioned series expansion (Sect. 6), he could show that the exponent q collapses
into the classical value, , at 8 dimensions, in support of the Lubensky
field theory. The Parisi and Sourlas  expansion [34] gave almost identi-
cal results for q, thus supporting  as well. The Isaacsson-Lubensky mean-
field theory [30] based on the Flory excluded volume theory and the screening
concept is more intelligible, which reads

via the Parisi-Sourlas scaling relation of magnetism [34], giving 

Fig. 25. Comparison of theory and experiment: ( ). Theory: Eq. (114) (solid lines for
 and 5; broken lines for  and 6). Simulation points by Stauffer (�: ; �:
; �: ; _¥: ; refs. [58 and 106]. The open circle (�) is the corresponding clas-

sical threshold, ; i.e.,  for 

  ps π1
d = 3 d = 4 d = 3
   d = 4    d = 5       d = 6

1 2 1/( – )d 1 5/    d = 3

        N b bb
b~ ),–ql (for Æ •

      q = 5 2/
e = 8–d

dc = 8

        
n =

+( )
5

2 2d
,

        
q =

+( )
7 6

2 2
d
d

–
,



208 Kazumi Suematsu

which reveal more vividly ; i.e., both the exponents equally collapse into
the respective classical values, 1/4, and 5/2, right at 8 dimensions. From these ex-
amples, we learn that the ideal behavior is realized above 8 dimensions5.

7.3 
Conclusions

The only unknown parameter of the theoretical Eq. (102) is the relative cycliza-
tion frequency, . For longer chains, this can be computed precisely making
use of the Gamma function 

For shorter chains, plenty of the observed data are available for extensive pol-
ymer species. As a result, theoretical gel points can be estimated within the ex-
perimental errors of . Agreement between the theory and observed values is
excellent, in support of the mathematical soundness of Eq. (102). It, however,
does not necessarily follow that the present result is the final demonstration of
the theory, further examination is still essential.

For the percolation model, agreement of the theory with observations is ex-
cellent for , showing that the Gaussian approximation works well in high
dimensions. However, this is not the case in low dimensions. The agreement at
eight-dimensions appears abrupt, suggesting the existence of the marginal di-
mensionality, , in harmony with the Lubensky field theory. The site-bond
percolation line shown by Eq. (114) is consistent with Stauffer’s simulation ex-
periments which show that the threshold changes linearly in proportion to the
reciprocal of the site occupation probability: 

5 In a recent work [107], Bunde, Havlin and Porto could generate, using a new growth
model, a branched polymer on a lattice, and observed that their branched polymer
belongs to the universality class of percolation rather than the lattice animal type. At first
sight, their result opposes all existing theories and observations [30–34]. It is important
to note that their branched polymer is of an addition type, while almost all discussions
about the critical behavior have been done for a condensation type polymer that grows
via the head-to-tail reaction

whose profile is of the Kurata type shown in Fig. 2, where Lj represents a j-cluster. If the
Bunde, Havlin and Porto result is final, their polymer will belong to another universality
class different from the Kurata type [13, 108–109].
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In light of the concept of the marginal dimensionality, it is expected that this
hyperbolic relationship holds more accurately above eight dimensions.

8
Expectations of Future Theories

Through the examinations in Sect. 7 it was found that the gel point Eq. (102) of
real systems is in excellent agreement with all the experiments taken up in this
article (Figs. 19, 21 and 23), while the corresponding Eq. (114) for the percola-
tion model was exact in high dimensions, but failed in low dimensions; substan-
tial deviations were found for  (Fig. 24). Those gel point equations are
founded on the criteria: (1) the assumption of random distribution of cyclic
bonds, and (2) the series expansion of [G], together with the premises of Eq. (96)
for real systems and of Eq. (110) for the percolation model. At present, as to real
systems no inconsistency has been found that disturbs these criteria, suggesting
that the Eqs. (101)–(103) have sound mathematical basis. The situation is differ-
ent, on the other hand, for the percolation model, since the monomer molecules
are fixed on lattices (Sect. 5). Indeed the result in Fig. 24 shows that the critera
do not work in low dimensions. The observed discrepancy in low dimensions
may have two origins: 

First, ring formation on lattices can take place on even clusters alone larger
than 4, say, for hypercubic lattices. Thus, cyclization is not a random event, but
depends on cluster size. One can check this possibility by enumerating the
number of rings on lattices. Now pay attention to the Eq.  (108) which holds ex-
actly only if the random distribution assumption holds. The enumeration in the
two dimensional bond percolation showed that rings are considerably fewer
than expected from Eq. (108); that is, . Thus, the random dis-
tribution assumption is violated for low dimensional bond percolations. This
may be an essential part of the discrepancy observed in low dimensions, which,
however, cannot explain the sudden confluence at , since  is in na-
ture independent of d in the percolation model (Sect. 5) [84]. 

Second, the failure of the  term should arise from the high dimension
expansion based on the premise of Eq. (110). The result of Fig. 24 shows that the
expansion works well for . It has been well established that lattice branched
clusters have the marginal dimensionality, , in the sol phase (bond ani-
mals) above which the ideal behavior applies [33]. Now, the critical point shift
results from ring formation which is a phenomenon in the sol phase up to the
gel point, and the cyclization frequency is influenced by the excluded volume ef-
fects. The gel point, therefore, must shift in response to the behavior of the sol
clusters. This leads us to a conjecture that a mathematical singularity may arise
at  on the  curve, in parallel with the phase transition from the ex-
cluded volume clusters to the ideal ones. If this is the case, it follows that the high
dimension expansion must fail below eight dimensions. To date, there is no ex-
perimental evidence that shows the existence of the discontinuity on the 
curve, but it is likely that  is not a monotonous function of d; the result of Fig.
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24 suggests this possibility. At first sight, the idea seems odd that there may exist
a critical dimension of critical points above which the classical value is not re-
covered as opposed to the case of (critical) exponents [20]. However, all evidence
seems to suggest the existence of the singularity.

Whether the singularity occurs or not, the answer to the question, why is the
critical point located there, should reside within the framework of the basic Eqs.
(91) and (105). When these equalities are solved exactly, then we will be able to
take one step forward in this exciting field of polymer science.

The most characteristic aspect of the critical point problem is that the three
phenomena, cyclization, excluded volume effects, and dimension, intimately in-
teracting with each other, spontaneously appear at the critical point. At the be-
ginning, it was thought that cyclization would make little contribution to such
an important question that has remained unsolved for so long in physical sci-
ence. The author’s early conjecture was wrong. As we have seen in the text, cycli-
zation plays a central role in the location of the critical point. For the percolation
model, dimension is almost equivalent to cyclization (Sects. 4 and 5); even ex-
cluded volume effects seem to manifest themselves as an element of cyclization
(Sects. 6 and 7), while dimensionality is in close conjunction with excluded vol-
ume effects (Sect. 7). In real gelations, the three effects are deeply connected
with one another.

According to the excluded volume theory [30] combined with the screening
concept [19], it is inferred that branched molecules in concentrated sol phase
should have a critical dimension, , lower than that for the percolation clus-
ters ( ). For the percolation model, our world (d = 3) is farther away from
the critical dimension ( ) than is the case of real systems ( ). This is
the reason of the remarkable agreement with the observations in real systems
(Figs. 19, 21 and 23), and the large deviations from the low dimensional perco-
lation simulations (Figs. 24 and 25). To accomplish better agreement with obser-
vations, one must seek better approximations for the basic equalities (91) and
(105). At present, however, there does not seem to be another good idea for this.
The author hopes that the next generation will realize this with deeper insights
and sophisticated mathematical approaches.

Through the present review, one impressive aspect is that the gel science (per-
haps all sciences) looks like a branching process itself: Initially, many theoretical
and experimental researches rise independently. Then those interact with each
other, collide, and are activated, and some of them, taking in different findings
from other fields, grow and branch off to larger clusters forming linkages with
others. Those finally merge into a bigger molecule, in which all sorts of intellec-
tual information are being condensed. Macroscopically, this can be observed as
homogeneous, while microscopically it is filled with wild inhomogeneity and
fluctuations. This is just a network molecule itself.
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Appendix 

According to the Flory excluded volume theory and the de Gennes screening ef-
fect, the exponent of the molecular dimension is given by the Isaacson-Lubensky
formula:

, (27)

where  is the exponent for ideal molecules. Typical cases for a chain and a
branched molecule are shown in Table 4. Consider a d = 3 case of a chain mole-
cule, and Eq. (27) yields 3/5 for the dilution limit (C = 0) and 2/ 5 for the melt.
The former value is the well-established Flory exponent, while the latter is small-
er than the observed value, 1 / 2, the Gaussian exponent. Thus it seems natural
to infer that, somewhere between 0 < C < Cmelt, there exists a critical concentra-
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tion Ccrit where sudden change from a excluded volume chain to the ideal chain
occurs; i.e., it is not unlikely that the change from a excluded volume molecule
to the ideal one is a transition like the dimension-dependence of . 

For a branched molecule,  takes the value 3 / 10 for Cmelt greater than that for
the ideal case . In this case, it is expected that the same transition occurs
at a certain hypothetical regime of Ccrit > Cmelt (Fig. 26). The schematic repre-
sentation is given in Fig. 26.
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Fig. 26. Concentration dependence of the exponent . Critical concentration conceptn
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